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NOMENCLATURE 
This table contains symbols which are used frequently throughout 
this work. It does not include common mathematical symbols or symbols 
which are defined and used only locally within the body of the work. 
Dimensional variables are primed to distinguish them from the dimen-
sionless variables. Vector quantities are denoted by an arrow. 
Symbol Definition 
A matrix defined by equation (9) 
B matrix defined by equation (10) 
C matrix defined by equation (11) 
c. constant in heat capacity equation (133) 
c dimensionless heat capacity at constant 
^ pressure, c '/c' 
P P 
D' tube diameter 
E. difference equation truncation error 
defined by equation (195) 
E energy balance error term defined by 
^ equation (172) 
f friction factor 
f.pp apparent friction factor 
f̂ ĵ̂ ĵ y apparent friction factor for fluid at 
wall conditions 
APPW 
Fc free convection parameter defined by 
equation (26) 
Fr Froude number, u' /g'D' 
XXIV 
Symbol Definition 
g ' acceleration due to gravity in z 
direction 
Gr Grashof nuraber, D'^p'^g'B'(T ' - T')/M.'^ 
' o ^ z * ^ w o ' o 
Gr Grashof number defined with u, • 
w '̂ w 
h' local heat transfer coefficient defined by 
equation (138) 
h' arithmetic average heat transfer 
coefficient defined by equation (l4l) 
h' logarithmic mean heat transfer 
coefficient defined by equation (144) 
H 
H ' dimensionless enthalpy, , /_ , _ ̂  , v 
p w " 0 ^o 
^ heat energy integral defined by 
^ equation (136) 
^ material balance integral defined by 
equation (8) 
k' 
k dimensionless thermal conductivity, 7-7 
o 
N number of radial grid divisions 
Nu local Nusselt number defined by 
equation (138) 
Nu „ arithmetic mean Nusselt number defined 
by equation (143) 
NUjj, logarithmic mean Nusselt number defined 
by equation (145) 
0( ) order of magnitude function, a function 
whose value is proportional to its 
argument 
dimensionless pressure, J21 
p ' u ' ^ 
^0 
D'u'p ' c ' 
Pe Peclet number, ^ 0 ^ P ?̂® 
k' • T ^ 
0 
Pe Peclet number defined with c ' and k' 
L Fĵ  L 
XXV 
Symbol Definition 
Pe., Peclet number defined with c' and k' 
M P., M 
M 
Pe Peclet number defined with c' and k' 
w p w 
w 
Pr Prandtl number, c' u'/k' 
' p ^0' o 
"̂ 0 
Pr pseudo Prandtl number 
Q dimensionless rate of heat transfer defined 
by equation (129) 
r dimensionless radial coordinate, r'/D' 
Ar radial mesh spacing 
R* tube radius 
Re Reynolds number, D'u'p'/|j.' 
Re Reynolds number defined with u.' 
w ' "̂ w 
T' - T' 
T dimensionless temperature, _.,_-., 
w 0 
AT temperature difference (T ' - T') 
wo ^ w o 
T„ dimensionless mean temperature defined by 
equation (132) 
u dimensionless axial velocity, u'/u 




v dimensionless radial velocity, ——;— 
^0 
.̂  
V net vector velocity 
W ' mass flow rate 
z ' 
z dimensionless axial coordinate, TTTTT" 
' D'Re 
z dimensionless axial coordinate, z yD' 
Az axial grid spacing 
(AZ) initial axial grid spacing 
xxvi 
Greek Symbol Definition 
p ' coefficient of thermal expansion 
p dimensionless density, p '/p ' 
p. dimensionless viscosity, p.'/M-' 
|i viscosity ratio, M-'/P'' 
e ratio of Reynolds number and Froude 
number, Re/Fr 
Subscripts Definition 
T Q + TjJI 
AM arithmetic mean or evaluated at ^ 
Z axial grid coordinate 
L local or evaluated at T'(r', z') 
T • - T' 
LN log mean or evaluated at ——TT—" 
I n i — ) 
0 
n radial grid coordinate 
M mean or evaluated at T'. 
M 
o entrance conditions or evaluated at T' 
0 




Analytical studies involving the laminar flow of fluids in tubes 
are numerousj however, few analyses have been made in which the physical 
properties of the fluid were considered variableo In particular, the 
variation of physical properties with temperature in laminar flow heat 
transfer can have a profound effect on the fluid-flow and heat-transfer 
characteristics as compared to the isothermal caseo The mathematical 
difficulties involved in treating such a case analytically by conven-
tional methods of analysis are overwhelming^ however, the advent of high 
speed computing machines has made the application of numerical techniques 
to this problem practicableo This investigation was primarily concerned 
with the solution by numerical methods of a system of partial differen-
tial equations which describe nonisothermalj laminar flow in tubeso 
The specific objective of this work was to solve numerically the 
equations of continuity, motion, and energy for a Newtonian fluid with 
temperature-dependent fluid properties flowing laminarly in a vertical 
tube with a constant wall temperatureo The properties p, ji, c , and 
k were to be considered functions of temperature in a realistic mannero 
The velocity profile entering the heated section of the tube was considered 
to be either parabolic or uniformo A further objective was to establish 
a correlation scheme for the fluid-flow and heat-transfer variables cal-
culated from the solutiono 
Boundary-layer analysis reduces the general equations of continuity, 
motion, and energy in cylindrical coordinates to a system of three non-
XXVlll 
linear partial differential equations sometimes known as the Prandtl bound-
ary layer equationso These equations, along with an overall material 
balance and appropriate boundary conditions, were transformed by finite 
difference approximations into systems of linear algebraic equationSo 
While the order of the systems of equations involved was large, a special 
technique was developed for advancing the pressure term step by step along 
the tube which allowed the systems describing the axial velocities and 
the temperatures to be solved by a direct and rapid (with respect to 
computer time) techniqueo This was important due to the large number 
of calculations involved when variable properties are considered. Cal-
culation of the velocity and temperature profiles allowed the calculation 
of pertinent fluid-flow and heat-transfer variableso A valuable step-by-
step heat balance used in assessing the accuracy of the numerical scheme 
was developedo The calculations were programmed for a Burroughs 8-5000 
Data Processing Systemo 
By setting the properties constant in the program it was possible 
also to solve a number of interesting constant property problemso Those 
which were studied include the description of flow in the entrance of a 
tube, the classic Graetz heat-transfer problem, and the case of heat 
transfer in the entrance length of a tubeo An interesting facet of 
these studies was the establishment of the importance of the radial 
velocity term in the equation of energy for heat transfer in the entrance 
of a tubeo Comparison between the numerical solution of the Graetz prob-
lem and its analytical counterpart were excellent, but it was further 
shown that due to the constancy of the axial velocities for this case, 
it is not a severe test of the numerical solutiono 
XXIX 
A more stringent test of the numerical solution, and hence of the 
mathematical model, was a comparison of calculated values with experi-
mentally determined values for fluid flow and heat transfer in which con-
siderable property variation occurredo Agreement was excellent except 
in those cases where the numerical solution and experimental evidence 
indicated unstable flowo In those cases the experimental results were 
higher than the calculated heat transfer rates, implying turbulence. 
An examination of the results for variable properties indicates 
that viscosity variations and free convection forces due to density 
variation can profoundly affect the fluid-flow and heat-transfer proper-
ties of the system as compared to the constant property case. It was also 
concluded that the inertia and radial velocity terms in the equations of 
motion and energy, which have been neglected in past analyses of this 
problem, are very important where free convection effects are signifi-
cant and where density variations are great. 
Using calculated results from the numerical solution for actual 
fluids, a correlation scheme based on the Prandtl number, 
C ' LL' 
p ^o 
Pr = -12L-_ 
k' 
o 
a viscosity ratio, 
^0 
M c -
^r u, • 
'̂ w 
a free convection parameter. 
D P' - P' 
Fc = 2(|i) ^ ^ T A 
^^ P; + Po 
XXX 
and a length parameter, 
Pe PrRe 
7^ ' Ty^ 
was establishedo The effect of c and k was taken into account by 
P 
evaluating Pe/z* with respect to these quantities at a suitable corre-
lation temperature. Based on the above correlation scheme, values of the 
local Nusselt number, the mean temperature, a relative friction factor, 
the velocity profiles, and the temperature profiles were tabulated for 
ranges of p, from 0.1 to 20 and Fc from -200 to 800 for a number of val-
ues of Pr. 
CHAPTER I 
INTiODUCTION 
Many of the classical problems in momentum and energy transport 
have been concerned with the study of laminar flow of Newtonian fluids in 
tubeso However, the majority of the analytical work in this area has been 
restricted to constant physical property solutions of the equations of 
continuity, motion, and energy* Although the effect of the variation of 
physical properties, especially density and viscosity, in many laminar flow 
heat-transfer situations is significant, the mathematical difficulties are 
great. Hence the value of the results of previous laminar flow heat-
transfer studies for flow in tubes which considered the temperature depend-
ence of fluid properties has been limited by simplifying assumptions 
designed to make the equations involved tractable. Only with the advent 
of modern high speed computing machines have massive assaults on the par-
tial differential equations of laminar nonisothermal flow in tubes become 
practicable. 
Thus, numerical methods utilizing high speed digital computers have 
marked the most successful papers in which the effect of the variation of 
fluid properties was investigated. This technique is highly versatile 
and in theory seems to have few limitations, but in practice many problems 
arise which prevent unlimited application. Excessive computation time, 
intolerable growth of error inherent in the numerical approximations, and 
nonconvergence of the approximate equations to the actual equations in the 
mathematical sense of the limit can singly or in concert negate the value 
of numerical calculations. With respect to these problems a prior 
analysis of numerical schemes for the solution of a partial differential 
equation is impossible, at present, for all but the simplest of cases. 
This is unfortunate, but for this reason some indulgence in "experimental" 
mathematics must be condoned. This is not to imply a neglect of sound 
mathematical principles but is meant to point out that often suitably 
chosen trial tests can decisively rule out poor approaches which cannot 
be analyzed theoretically. Hence, numerical approaches put a premium on 
a thorough understanding of the physical principles of the problem being 
solved. The work described in this study is of this nature. 
Lee has reviewed most of the previous work in laminar noniso-
(2 3 4 5 6 7 8 9 10) 
thermal flow in tubes. » > » > > > » > ' Additional experimental data 
have been presented by Kays and Nicoll and Davenport and Leppert. 
Numerical studies by Lee and Lemmon have also appeared. A solution 
(14) 
by Bodia for natural convection between parallel plates is also sig-
nificant in its application of boundary-layer type equations to internal 
flows. The most comprehensive of these studies has been that by Lee 
who considered realistic fluids and took into account the variation in 
viscosity, density, thermal conductivity, and heat capacity. His solu-
tion is limited, however, in neglecting radial velocity effects in the 
energy equation and inertia terms in the equation of motion. These terms 
are necessary when considering development from a uniform velocity profile 
and in general are necessary when natural convection effects are pronounced. 
This study presents a numerical solution of the equations of 
continuity, motion, and energy for laminar flow heat transfer in a vertical 
tube with a constant wall temperature. All physical properties are con-
sidered functions of temperature in a realistic manner. Contributions 
from inertia terms and radial velocities are included in the equations 
solved. Heat-transfer and fluid-flow parameters are correlated for 
design convenience, and data are presented ©n the general nature of 
nonisothermal laminar flow. In addition, results for constant property 
heat transfer and flow in the entrance of a tube are presented. 
CHAPTER II 
MATHEMATICAL DESCRIPTION OF THE PROBLEM 
The physical description of the problem which concerns this 
work is described in detail in the following discussion. A mathematical 
model in terms of a system of partial differential equations is proposed, 
and a numerical calculation scheme for the solution of the system based 
on finite difference approximations of the derivatives is outlined. 
Description of the Problem 
Consider the steady laminar flow of a Newtonian fluid in a vertical 
tube under the following conditions. The wall temperature of the tube 
is maintained constant. The fluid enters the tube with a uniform temper-
ature and either a uniform or a parabolic velocity profile. The flow 
direction may be either in the direction of the gravity force or opposite 
it. The fluid properties are considered functions of temperature only. 
The Mach number is much less than unity, and the bulk viscosity is zero. 
The flow is axially symmetric with respect to the tube center line. Heat 
generation due to viscous dissipation is negligible. This description is 
diagrammatically represented in Figure 1. A definition of terms and sym-
bols used in this work is presented in the Nomenclature. 
Mathematical Model 
The general equations of continuity, motion, and energy in various 
41 





u' (r', z') 
PHYSICAL PROPERTIES 
/x' (T') , p {!') 
c'p (T') , k' (T') 
T' (r' , z') 
TUBE WALL IS 
AT THE CONSTANT 
TEMPERATURE T ' ^ 
J 
r' = R' 
— z ' = 0 
t 
THE TUBE IS VERTICAL 
AND THE GRAVITY BODY 
^ FORCE ACTS EITHER IN 
THE DIRECTION OF FLOW 
OR AGAINST IT. 
ENTERING FLUID: TEMPERATURE T ^ 
AVERAGE VELOCITY u' 
VELOCITY DISTRIBUTION 
i) UNIFORM 
or ii) PARABOLIC 
PHYSICAL PROPERTIES 
/̂ 'o ' P'o ' ^'pn ' ^'o 
Figure 1. Diagram of ProlDlem. 
coordinate systems for laminar flow can be found in Birdo 
tions which apply to the present case are 





P - ( V ^ . U . | ^ ) Ml 
8r° r' ar' ̂  ^ ^ ar' 
+ Q H- â o '̂^ V ; i- 2 IJ. r g^, -f 2̂ 3 ,2 ar» 3 ̂  ar 
3 r' az' az' ^^ ar" ̂^ az' ^ (2) 
au 9iLl̂  = an: p ̂  ar' ̂  " az' ̂  az° r' ar' ̂  ̂  ^ar' az' ^̂  
+ -L. (.2ii' - ~ + - li' (— - ^ (r'vM + ^^) ) 
^ az' ^ ̂  az' ̂  3 ̂̂  V ' ar' ̂ ^ ̂  >' + az- ̂  ̂  
(3) 
(Energy) 
p ̂ p ̂"̂  ar' ̂ " az° ̂ r' ar' ̂"̂  '̂  ar"* ^ az' ̂^ az' ̂  
+ ,.T' (^^) (V ̂ + y' ̂ ) - r r 211' ^ 
+ 2 ,X_L.(^,^,)+3u:)1av: r 2y,S£: 
3*̂  '̂ r' ar" ̂ ^ ̂  '' az' J ar' I r' 
^3^" ^r' ar "̂̂  ̂  ̂  ̂ az'Jr' ̂ [ ^ az' ̂  3 ̂^ ̂ ' ar'̂ "̂  ̂  ̂  
+ ^ ) 
az' ̂  
au° ,, .(auj. . avl waiLi . av_ix 
az' ' ^ ^ar' az" ̂  ^ar' az'^ (4) 
The usual boundary-layer order of magnitude analysis performed ' on 
equations (l), (2), (3), and (4) simplifies them to the Prandtl boundary-
layer equations in cylindrical coordinates. These equations are listed 
below in terms of dimensionless variablesc Among the assumptions inherent 
in the boundary-layer simplifications are the assumptions of negligible 
axial heat conduction and negligible radial pressure gradient, 
1 9(prv) , 6(pu) ^ /-> .. ,. X /p-N 
^ — + 1 ' 0 (Continuity) (5) 
r 9r 9z // ^ / 
P^^aT^^a-l'^-d^^F^^"^^^) ^ «P («°*i-) <̂ ) 
p c (v 2i + u ̂ ) - 4 - r - ("̂k 21) (Energy) (7) 
^ p 9r 9z rPr Qr Qr ^" ' 
Equations (5), (6), and (?) resulting from the boundary-layer type 
analysis serve as a basis for the calculations found in the following 
pageso For the problem of interest, the associated boundary conditions 
in terms of dimensionless variables are 
I. z = 0 o , C O . . c o o . 00 LL=p = c = k » l ( 0 < r < i ) 
V = T = p = 0 
2 
ao Parabolic Profile: u=2(l-4r ) 
b. Uniform Profile: u=l 
II. r « 0 . . o 0 o 0 o c o . c o |H . al . V . 0 (Z > 0) 
or 9r -
III. r « = - o o . o o o o e o c . v » = u » 0 (z>0) 
T « 1 
The reference value of the pressure at z = 0 is arbitrary, and it is 
set equal to zero as a matter of convenienceo The dimensionless vari-
ables are defined as: 
V'D'D ' z' r' u' ^ ̂ o 
r = ;r7 , U = -T 9 V D ' R e * Q B ? " _« > " n . 
u '^o 
f ) TO 
_ ^ P° JiJ. 2I 
^ ' T'-T' * "^ ' ,-'2 ' ^ ° u ' ' ^ * P ' 
w o p u ^0 ^0 
0 
. , c» U'D'p ' ^p ^̂ o 
1 k" _p_ r> ^0 r, ^0 
k « rr » c « ~*r~ , Re* 1— , Pr « — r T " 
k ' ^ p c " * u . " * k' 
o "̂  p "̂ o 0 
•^0 
-'2 D'u°p ' c' 
Fr » - i ^ , pe = ^ Pn ^ , Re 
z o 
The prime indicates a dimensional quantity, the subscript 0 indicates 
entrance conditions, the subscript w indicates wall conditions, and the 
-' represents the average entrance velocityo 
An overall material balance results in the following useful rela-
tionship, 
1 
^ u = J ^ purdr = I (8) 
Notice that the inertia terms 
/ 9u . 9u X 
P ( ^ 9 7 * " 87^ 
in the simplified equation of motion and the radial velocity term 
9r 
in the simplified energy equation are not neglected in this study as they 
have often been in previous studies<> 
Outline of Numerical Solution 
Consider the following semi-infinite grid superimposed on half the 
flow field from r = 0 to r = ̂  o 






r » | N+1 








The grid is used to locate point functions defined in terms of functional 
notation as 
m̂ I ' f(("̂ -l)̂ >̂ {l-l)Lz) 
The variables in equations (S), (6), (7), and (8) are considered point 
functions on this grid and the derivatives are replaced by finite dif-
ference approximationso These approximations lead to systems of linear 
algebraic equationso The resulting algebraic equations are summarized 
below in matrix-vector notationo 
In matrix-vector notation the finite difference equations of 
motion and energy become 
10 
Auip) « a + bp (9) 
Bt = "c (10) 
and the equation of continuity and the overall material balance can be 
written as 
v" « C u (p) + t (11) 
Jl^ = (t, u (p)) (12) 
These equations apply at step t + I and all components of A, B, C, a, 
b, c, and d are either constants or are values determined at steps up 
to and including t + !<, The matrices A and B are tridiagonal in 
form and equations (9) and (10) must be solved implicity for u and t, 
which represent the point values of the axial velocity and the temperature 
respectivelyo The vector representing the point values of the radial 
velocity, v, is given explicitly as a function of the matrices C and 
the vectors d and u. The scalar product of e and u is formed by 
a numerical integration of equation (8)* Note that u is written in 
equations (9), (10), (11), and (12) as a function of the scalar repre-
senting pressure0 This is done to emphasize the method of attack which 
makes use of this functional relationship and which will be described 
now. 
Since a fundamental requirement is that 
^ u = 8 
we can form the function 
F(p) - I " 4 
11 
and a correct solution to equation (9) requires that 
F(p) = 0 
Hence, we apply the Newton-Raphson iterative technique to find the zero 
of F(p) which is the correct value of the pressure. The Newton-Raphson 
iteration for this solution is 
i+l i i - (e. " (PUl ) ) ,,,, 
P^+1 ' Pi+1 •*• ,- -., i , , '•^'^^ 
(e, u (pj^j ) ) 
where 
u°(p) = DpU (p) (15) 
and 
A u*(p) = b (16) 
It is seen that at step t + 1, u°(p) is independent of p, and F(p) 
is linear with respect to po Hence the first approximation PP .-i should 
result in the correct value for Pi* . i • lî  practice, po is used for 
PI .. An approximate value of u and the value of u' are determined 
and used to get PP.-.* The correct value of u is then calculated. 
This procedure allows the use of a simple and accurate computa-
tional scheme for tridiagonal matrices of high order. Also this scheme is 
very efficient with respect to machine computation time. 
The calculation scheme is initiated by evaluating B and C at 
step I and then t" at t+lc Then A, C, a, b, and d are evaluated 
12 
and used to solv© for u and v. With the velocity and temperature 
fields known, numerical differentiation and integration are applied to 
calculate various pertinent heat-transfer and fluid-flow parameters. 
Descriptions of the components of the matrices and vectors in the 
equations above and a detailed description of the calculation scheme are 
given in Appendix A. 
A description of the computer program for implementing the calcu-
lation scheme is given in Appendix B. Empirical property equations for 




CONSTANT PROPERTY SOLUTIONS 
Although the main purpose of this study was to obtain solutions to 
equations (5), (6), and (7) with the properties considertd as functions of 
temperature, a number of constant property solutions were obtained. Com-
parison of these solutions with previous studies served not only to estab-
lish confidence in the accuracy of th© numerical scheme but also gave more 
complete solutions in some cases. Insight was obtained as to the effect 
of radial velocities on heat transfer when the axial velocity profile is 
changing, and an accuracy criterion for the numerical scheme based on 
step-by-step energy balance was developed. These constant property solu-
tions are described in this chapter^ 
Constant Property Forms of the Equations 
Equations (5), (6), (v), and (8) for the case of constant proper-
ties become 
^(^s A„ (Continuity) 
^ + r a^ - 0 (17) 
A„ *,. Mr. ^ a A,, (Motion) 
,21^^81. _i_^(^ 21) (̂ ""̂ y) 
ar dz rPr ar ^ ar ̂  ^^' 
and 
14 
- . (Overall Material Balance) 
urdr = g (20) 
For these equations the finite difference scheme described in Chapter II 
applies if the property values are set equal to unity. Although the vari-
able property program can be used by inserting constants for the property 
equations, extensive use in this manner wastes computation time<> There-
fore, the program used in the constant property solutions was rewritten 
completely deleting the variable properties. 
Laminar Entrance Flow 
Laminar flow of a constant property Newtonian fluid in the entrance 
region of a tube has long been of interest. Analytical solutions have 
been obtained by a number of investigators, who further simplified equa-
tions (17), (18) and (20) by making various approximations which allowed 
a solution to be obtainedo It is interesting that even with the variety 
of approaches that have been applied to this problem, the most comprehen-
sive of these solutions are in reasonable agreement with each other and 
with what limited experimental data that are available. Due to the bound-
ary-layer nature of the flow it is not surprising that boundary-layer tech-
niques for external flows have been adapted to give satisfactory solutions 
very near the entrance of the tube, A brief review of previous work in 
(17) 
this area is given by Campbell. 
Equations (17), (18) and (20) were solved numerically subject to 
the conditions 
15 
I. z = 0 » o . o . . 0 . 0 o u = l, V « 0 , p « 0 (0<r<7;) 
II. r = 0 . . . o , . o o . . o -— = v = 0 (z>0) 
III. r = ^ o , o u = v = 0 ( z > 0 ) 
The results are presented in Figures 2, 3, 4, 5, 6, and 7 and Table 1, 
along with the results of some previous studies for comparison. Table 4 
in Appendix D contains numerical values from which Figure 2 was constructed. 
In the calculation of the pressure it was found by starting the solution 
at successively smaller z that a short interval was always required for 
the pressure values to converge to the solution. Since the radial 
velocities appear to have a discontinuity at z = 0, inaccuracies in 
them during the first few steps probably cause this pressure effect. How-
ever, a procedure for starting the solution was developed which takes into 
account the rapid change of radial velocities near the entrance and there-
by minimizes the pressure effect. It is noted that the radial velocities 
at the tube entrance are zero, but at an infinitesimal distance down the 
tube they are large and directed toward the center of the tube. They 
decrease in magnitude very rapidly just inside the entrance. Hence, while 
the marching approximation 
V p = v »., + 0 (AZ) 
is reasonable where the radial velocities are continuous functions of z, 
Distance here is meant in the sense of the magnitude of the 
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Figure k. Constant Property Radial Velocity Profile Calculations. 
Entrance Profile: Uniform. 
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0.9 1.0 1.1 
Figure 5- Constant Property Radial Velocity Profile Calculations. 
Entrance Profile: Uniform. 
Table 1. Comparison of Constant Property Calculated 
Entry Length and Kinetic Energy 
Correction Factor with the Results 
of Other Investigations 
Entrance Profile: Uniform 
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Investigation Entry Length, z /Re 
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i t i s unreasonable to make the approximation 
V , « V ^ = 0 
Wlf 1 ft\fZ 
The starting procedure then is to approximate v ^ by v . as above, 
and then calculate a better value of v ^ from equation (ll) and use 
m,2 ^ 
this value as an improved starting value. Also, in order to anticipate 
the rapid decrease in the magnitude of the radial velocities, the approxi-
mation 
^m,2 
" ' at V 
2 m, 3 
is made at the next step. The procedure outlined in Chapter II is fol-
lowed thereafter. 
To give the dimensionless radial velocity values somewhat more 
meaning, it is noted that an easy way to compare the magnitudes of the 
radial velocities with the axial velocities is to recognize that 
- ^ » ^ (21) 
uRe u' ^^^ 
Constant Property Heat Transfer with Parabolic Velocity Profile 
Consider a tube whose wall is maintained at the constant tempera-
ture T*. If a constant property fluid flows at temperature T' through 
this tube such that it enters the tube with a fully developed parabolic 
velocity profile then the heat transfer is described by 
u »« 2(1 - 4r^) (22) 
24 
" az "̂  rPr ar ^̂  ar ̂  (23) 
I. z »= 0 , . . 
II. r = 0 . 
III. r = ~ . 
T = 0 ( 0 < r < ^ ) 
I- = 0 (z > 0) 
ar - ' 
T = 1 (z > 0) 
Hence, the entire numerical scheme described in Chapter II is not required 
to handle this case* However, as an additional test of the difference 
scheme for the motion and continuity equations, the full set of equa-
tions (17), (18), (19), and (20) were solved subject to the conditions 
2 1 
I. z = 0 u = 2(l-4r ), v = T»0 (0<r<2) 
au ax 
II. r « 0 . . . 
III. r = 4 . . 
• • • ar - ar = ̂  (- > 0) 
. . . u « V = 0, T = 1 (z > 0) 
(29) 
Thus the motion and continuity equations generated the parabolic profile 
at each succeeding step after the first, and no significant error growth 
was observed in the profile. 
The results of the solution are compared with the classical Graetz 
solution in Table 2. Due to the large number of eigenvalues required for 
accurate values in the Graetz solution for large Pe/z* , the comparison 
is only made below a Pe/z of 1000. The excellent agreement would 
seem to imply a high degree of accuracy for the numerical scheme, but it 
will be shown in later sections of this chapter that this is not a stren-
uous test. The numerical solution also appears to converge to the Leveque 
25 
Table 2, Comparison of Constant Property Heat Transfer 
Calculations with Results Calculated from 
the Analytical Solutions of Graetz* 




Local Nusselt Number 
Numerical Graetz 
980 0.0606 0,0605 
746 0.0718 0,0719 
435 0.101 0.101 
220 0.152 0.154 
97,1 0.253 0.253 
64,9 0.318 0.321 
43.3 0.402 0.403 
20.5 0.595 0.597 
18.6 0.623 0.626 












Graetz values calculated by Lee 
26 
solution, which is an asymptotic solution of the Graetz problem, for large 
values of Pe/z* as is seen below: 
Pe T T 
_z^ Calc L^vlque Per Cent Deviation 
100 0.247 0.300 17.7 
1000 0.0595 0.0646 7.9 
10000 0.0134 0.0139 3.6 
The Leveque mean temperature equation is given by 
-2/3 
T^ - 6.46 (P) (24) 
Constant Property Heat Transfer with a Developing Velocity Profile 
Now consider the case where the wall temperature of the tube is 
again held constant, but now the entering velocity profile is uniform 
across the tube. Again the equations (17), (18), (19), and (20) describe 
the problem and must be solved subject to the conditions 
I. z « 0 u.l, v«T = p«0 (0<r<^) 
II. r := 0 . . . . . . , |H » ^ . 0 (z > 0) 
or or "" 
III, r * 2 •' u = v « 0 , T = l ( z > 0 ) 
Results of the numerical solution of these equations are summarized in 
Figures 8, 9, and 10, Numerical values are presented in Tables 6 through 
11 of Appendix D, 
Previous investigations of this problem have been undertaken by 
D . (31) V (32) ^ , ,, (33) c+ w (34) , , (13) 
Businger , Kays , Goldberg , Stephens , and Lemmon . 
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Businger used an approximate form of Schiller's axial velocities, assumed 
the thermal and momentum boundary layer thicknesses equal (Pr = l) and 
forced an asymptotic agreement with the Graetz solution. Kays employed 
Langhaar's axial velocity expression and numerically solved (apparently 
by hand calculation) equation (19) neglecting the radial velocity term, 
Goldberg programmed Kays' solution on a digital computer and extended the 
results to cover a range of Prandtl numbers. Stephens' mathematical 
(23) 
approach is similar to that of Atkinson and Goldstein. Near the 
entrance of the tube a similarity variable is used to reduce the equa-
tions from partial to ordinary differential equations, and a perturbation 
of the parabolic profile is used in the nearly developed region. The two 
solutions are interpolated to form one continuous solution. Lemmon has 
obtained a numerical solution to equations (17), (18), (19), and (20). 
Unfortunately the solution is somewhat inefficient and does not include 
any step-by-step energy balance. The importance of the energy balance will be 
discussed in the following section of this chapter. Comparison between 
the solution described in this work and previous theoretical and experi-
mental work is found in Figures 11, 12, and 13. Also included in this 
comparison are results obtained with the numerical scheme in this work 
for the radial velocity term in equation (19) neglected. Kays mean temper-
ature values in Figure 13 were calculated from temperature profile data 
presented in his paper. 
Step-by-Step Energy Balance 
It is possible to calculate the energy transferred to the fluid in 
the tube between any two cross sections from either the difference in the 
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mean temperatures from one cross section to the other or by an integra-
tion of the temperature gradient at the wall between the two sections. 
Letting 
QT = Energy in by Mean Temperature Calculation 
QN = Energy in by Temperature Gradient Calculation 
and error term may be defined as 
QT - QN (25) 
^q QT + QN ^̂ ^̂  
This error gives the ± deviation of QT or QN from their average. 
Details for the calculation of this error term may be found in Appendix A. 
In this work it was found that a step-by-step calculation of E 
was a good indication of the proper marching step size in the numerical 
scheme. It was found that E could be made as small as desired by 
q 
simply reducing Az enough. However, practical considerations of compu-
tation time and the finally desired accuracy indicated that a maximum E 
of approximately two per cent would be reasonable. The average error was 
usually much smaller than this. 
On the other hand, numerical solutions for heat transfer with a 
developing velocity profile in which the radial velocity term in equation 
(19) was neglected exhibited very large E . Furthermore, the error could 
not be reduced below 10 to 20 per cent even by resorting to impracticably 
(32) 
small values of Az. A check of the numerical solutions of Kays, 
(33) (39) (1) Goldberg, Bosworth, and Lee indicate similar behavior. This 
perhaps explains why Kays' results for the local Nusselt number appear 
to be too high and the mean temperature values too low. In recent work 
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by Ulrichson and Schmitz, numerical mass transfer calculations for a 
wall catalyzed reaction seem to confirm this observation. It is interest-
ing to note that when the axial velocity profile was not a function of 
the axial distance, such as in the Graetz problem, E could be made 
small by decreasing the marching step sufficiently. Thus, a comparison 
with the Graetz solution does not indicate the difficulty encountered in 
the numerical solution when the axial velocity is changing and the radial 
velocity is neglected in equation (19). 
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CHAPTER IV 
VARIABLE PROPERTY SOLUTIONS 
The main aim of this work was to develop a calculation procedure 
for equations (5), (6), and (7) for flow in a tube with constant wall 
temperature which considered the fluid properties to be realistic func-
tions of temperature. The results of a numerical scheme which represent 
the accomplishment of this aim are presented in this chapter. The entrance 
velocity profile is considered either parabolic or uniform. The calcula-
tion procedure has been previously summarized in Chapter II, and details 
are in Appendix A, 
Calculations are compared with experimental data and are used to 
establish a correlation scheme for heat-transfer and fluid-flow variables. 
Comparison with Experiment 
Parabolic Entrance Profile 
,1.(2) Martinelli et al. have reported data on the heating of oil and 
water in vertical tubes such that the entering velocity profile was fully 
developed and the wall temperature constant. Kays and Nicoll measured 
heat-transfer rates for the cooling of air under similar flow conditions 
with high bulk-to-wall temperature differences. In both cases, fluid 
properties varied considerably. A representative comparison of the 
numerical solution with these investigations is presented in Table 3. 
Taking into account experimental accuracies, the agreement between 
experiment and calculation is good except in the case of the water experi-
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reported were indicated by the investigators as having become turbulent; 
although it is not clear what criterion was used to judge which runs were 
turbulent. Apparently extremely high heat-transfer rates were the indica-
tion, but this of course forces some arbitrary range selection and does 
not provide an absolute method for judging unstable flow. The indicated 
"laminar" runs gave heat-transfer rates consistently greater than pre-
dicted by the investigators' semi-empirical correlation. Since the cal-
culated velocity profiles exhibit the extreme distortion (center-line 
velocity nearly zero) which Scheele et al. have shown to be unstable, 
the high values of the experimental mean temperatures for the water runs 
are most certainly attributable to either transition or turbulent flow in 
(4) 
the latter portions of the heating length of the tube. Pigford also 
came to this conclusion based on his analysis. 
It is interesting to observe that the results of Kays and Nicoll 
differ little from constant property solutions. This is probably due to 
the large wall directed, radial velocity component which offsets the 
increase in heat transfer for a flattened velocity profile. A more 
general illustration of such effects will follow in later sections of 
this chapter. 
(2) Martinelli also reported pressure drop data for the nonisothermal 
flow of oil. Unfortunately in many of the runs apparently the total pres-
sure drop and the gravity pressure drop were of comparable magnitude 
making it difficult to get the apparent frictional pressure drop by dif-
ference. However, one of the runs where the pressure drop due to gravity 
and the apparent frictional pressure drop were about the same size is 
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Figure l4. Comparison of Variable Property Pressure Drop 
Calculations with the Results of Experimental 
Measurement. 
Entrance Profile: Parabolic. 
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good. It is especially significant to note that the calculated values 
verify the experimentally observed low pressure gradient near the entrance 
which was characteristic of nearly all of the experimental runs. The 
explanation is found in the recognition that the observed frictional 
pressure drop is due not only to fluid friction, but also to kinetic 
energy changes in the stream due to a rearrangement of the velocity pro-
file. This effect will be illustrated more fully when correlated friction 
factor data are presented. 
Uniform Entrance Profile 
Very little experimental data are available to compare with the 
variable property solution for the case of a uniform velocity profile. 
(42) 
Watzinger and Johnson report heat-transfer data with large natural 
convection effects, but it is difficult to exactly characterize their 
experimental conditions. Their apparatus essentially consisted of a 
vertical countercurrent double-pipe heat exchanger. Water was cooled in 
downflow. However, the cooling water flow was not high enough to prevent 
a significant variation in the wall temperature. No estimate of this 
effect can be made from their data since they only reported a mean wall 
temperature. 
However, using their measured mean wall temperature a number of 
their runs were calculated. In all cases the free convection effects 
were found to be extremely large (Fc > 6000), causing the center-line 
velocity to become zero well before the exit of their tube. Since the 
numerical scheme was not stable for negative axial velocities the calcu-
lations were always terminated for negative center-line velocities. As 
already stated, this condition physically is indicative of turbulence. 
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Figure 15- Comparison of Variable Property Mean Temperature 
Calculations with the Results of Experimental 
Measurements. 
Entrance Profile: Uniform. 
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A typical run is shown in Figure 15. Extrapolation of the calculated 
mean temperature to the end of the tube indicates that the measured mean 
temperature was high, lending support to the supposition that turbulence 
was present in the latter portion of the tube. 
The paucity of experimental data for this case is unfortunate. 
However, the excellent constant property results for the developing flow 
heat-transfer calculations imply accurate variable property results. 
Furthermore, a comparison of the velocity profiles for the parabolic 
and uniform entrance condition to be presented later would indicate little 
difference in the calculation difficulties after the initial few steps 
down the tube. 
Correlation Scheme 
The correlation scheme used for Nu, T^, T, u, and f /f p ̂  
is basically that of Lee who used intuitive arguments to modify and 
(4) (10) 
combine the ideas of Pigford and Cherry . Lee points out that the 
correlating parameters are not derivable directly from the equations of 
continuity, motion, and energy as solved in this work; they are based on 
a much simpler picture. The supposition is that they will hold for the 
more complicated situations here, if the correlated values are not rapidly 
varying functions of the correlating parameters^ 
The controlling parameters are the viscosity ratio 
ti « Ll '/tl ' 
and a free convection number 
43 
Fc = 2 (Bi) 
rp • - p' 
P' + P' 
(26) 








B' (T* - T') 
W 
(27) 
obtained by replacing p'(T' - T') with 2 -7-7—r . For liquids this 
^w ^0 
amounts to little change since 
B ' (T ' - T •) 
^ w 0 





where p' = coefficient of volumetric expansion 
and 
P* + P' ^o w 
= P ' 
•̂ 0 
For gases where 
(29) 
T' + T' 
it amounts to evaluating p' at r . This modification compen-
sates for the variation of p' with temperature. 
The difference {9* - p^) is chosen to impart a positive sign to 
cases where free convection aids forced convection. The sign convention 
is summarized below. 
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Sign Condition 
+ Heating - Upflow 
+ Cooling ~ Downflow 
Heating ~ Downflow 
Cooling - Upflow 
The dimensionless length for correlation purposes is 
Pe ^ RtPr ^ Pr (30) 
The numbers |JL and Fc primarily account for viscosity and 
density effects. The variation in thermal conductivity and heat capacity 
is secondary in importance and can be accounted for by evaluating the 
length parameter, Pe/z* at an appropriate temperature= The proper 
temperature, which depends on the quantity being studied, will be defined 
with each correlation in following sections of this chaptero 
As is implied by constant property solutions, the uniform entrance 
profile solutions required that the additional correlation parameter Pr 
be includedo This additional parameter was also required for the fric-
tion factor correlation in the case of the parabolic entrance profileo 
Other necessary slight modifications such as the separate treat-
ment of gases and liquids will be discussed with the correlation in which 
they are includedo 
Generation of Correlation Data 
Having established confidence in the accuracy of the numerical 
scheme both by examining constant property solutions and by a comparison 
with experimental measurements, it can be used to generate data for actual 
45 
liquids and gaseso The only requirement is that each property dtpendence 
on temperature be representable by some analytical expression which can 
be inserted in the computer programo The generation of correlation data 
then from the mathematical model is analogous to the generation of experi-
mental data from a physical modelo Obviously the computer generation of 
data allows for much more versatility in the selection of substances and 
conditions than could be possibly achieved in a single piece of experi-
mental equipraento Also the speed with which the data can be generated 
is usually much greatero Perhaps even more importanty the mathematical 
model is a permanent;, established tool ready to be used over and over 
againo 
From an examination of the equations of continuity (5), motion 
(6)J and energy (7) in their dimensionless form^ it is apparent that the 
physical properties are normalized to the initial conditiono This means 
that the type of variation with temperature is more important than the abso-
lute magnitudes of the propertieso Hence, it is possible to tailor-make 
a material for studyo For example, the effect of Prandtl number can be 
studied by choosing the properties of a real substance, water for instance, 
and arbitrarily specifying the Prandtl number in the numerical schemeo 
This of course could never be accomplished in a physical model» 
The materials chosen for study in this work were selected not only 
because reasonably good property data were available but also because 
their variation in properties is so differento The liquids chosen were 
water^ n-=oetane, and oil Ao Water and oil A differ radically in chemical 
composition and as a result in their physical propertieSo Octane is 
somewhat intermediate between oil A and watero Its viscosity range is 
46 
greater than water, but the Prandtl number range is comparable to that of 
watero Octane also exhibits a much greater density variation than either 
oil A or watero The gases chosen were air and helium which appear to be 
representative of most common gases under conditions where the mathematical 
model holdSo 
The empirical equations which fit the property variation with 
temperature can be found in Appendix C, A list of conditions for which 
correlating data were generated can be found in Tables 12, 13, and 14 of 
Appendix Eo 
Verification of Correlation Scheme 
Parabolic Entrance Profile 
Due to the extreme difference in the way that properties of gases 
and liquids vary with temperature it was necessary to treat them sepa-
ratelyo 
For liquidSj typical correlations employing the parameters p, 
and Fc are presented in Figures 16 through 21o The properties k and 
c are taken into account by evaluating Pe/z with respect to these 
variables at T„ for Nu and T,,. a t T for fAT̂ VfAT-.r̂ uis f̂̂ d at the M M* w A P F APPW*̂  
local point temperature for the velocity and temperature profileso It was 
necessary to include an additional correlating parameter, Pr, for the 
apparent friction factor correlationo This complication is due to the 
fact that the intense viscosity gradients which cause rearrangements in 
the velocity profile and affect the kinetic energy changes are a function 
of the thermal boundary-layer thickness, while the viscosity at the wall, 
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laytr thicknesso Thus a comparison of a low Prandtl number material with 
a high Prandtl number material, when their thermal boundary-layer thick-
nesses are the same^ means a comparison of an apparent friction factor 
due primarily to kinetic energy changes to one due primarily to frictional 
drag at th© wallo The effect of the Prandtl number on the relative appar-
ent friction factor was studied by specifying a value of the Prandtl 
number in the programo This pseud© Prandtl number is denoted by Pr o 
Some improvement in the other correlations could probably be 
attained for large values of Fc by adding Pr as a correlating parameter. 
However, the add®d complication does not seem justified, except in the 
case of the velocity profiles, because the spread in the comparison cal-
culations for Nu and 1^, is ten per cent at worst, and this occurs only 
for extreme values of Fco Most of the comparison calculations agree 
much better than thiso 
The velocity profiles correlate poorly below a value of Pr/z 
of approximately 200, especially the center-line velocityo However, 
critical values such as maxima and minima in the profiles and the general 
behavior are represented wello Only much more extensive sets of corre-
lations would adequately describe the velocity profiles, but fortunately 
the velocity profiles are of secondary importance in design calculationso 
For accurate values of the velocity profile the numerical scheme must be 
employed for each particular caseo 
Typical correlations for gases are presented in Figures 22 through 
/PMX/^APP \ 
26. They are similar to those for liquids except that | —jl 7 1 and 
V w / \ APPW/ 
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Figure 2h. Comparison of Variable Property Velocity Profile 
Calculations for Air and Helium. 
Entrance Profile: I^rabolic. 
Viscosity Ratio: 1.5* 
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found in gaseso There was no necessity to include Pr in the friction 
factor correlations for gases due to the fact that the Prandtl number 
for most common gases is close to 0o7o It is interesting to note that 
the large increase in friction factors for the heating of gases has been 
(12) 
qualitatively verified by the experiments of Davenport, 
Additional comparison examples for liquids and gases are given in 
Figures 40 through 51 of Appendix E, 
The relative apparent friction factor correlations are presented 
only for negligible free convection effects for both gases and liquids 
even though a definite dependence on Fc was noticedo However in those 
cases where Fc was significant, the pressure drop due to gravity was 
so large that this dependence was insignificanto Typical values of 
p + p 
KE *̂ F 
are shown below: 
P + P 
Mat erial 




Oil A, 7 
Oil A, (1^-5 400 •Go 004 
Air, tl = Co 
^r 
75 Ool 500 
Air, 11 » Go 
•̂ r 
75 400 Gel5 
Uniform V elocity Profile 
Typical correlation examples for liquids and gases can be found 
in Figures 27 through 36o The correlation procedure differed from the 
parabolic entrance profile case only in the inclusion of the parameter 
Pr for all correlated variableso This is expected in analogy with the 
constant property uniform profile calculationso Again, use was made of 
Pr o 
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For a Pr of 10 it was observed that at values of Pr/z less than 
about 90, the results converged to the parabolic entrance profile results. 
Another interesting observation was that for values of [i greater than 
about five in the relative friction factor correlation this parameter was 
unimportanto Additional comparison examples for liquids and gases are 
presented in Figures 53 through 61 of Appendix E. 
Tabulated Results 
Using oil A as a model for liquids and air as a model for gases, 
calculated tabulations of heat-transfer and fluid-flow variables for 
both the parabolic entrance profile and the uniform entrance profile are 
contained in the appendiceso The relative apparent friction factors 
are presented in graphical form in Figures 62 through 6 9 of Appen-
dix Fo Values of the local Nusselt number and mean temperature are pre-
sented in Tables 15 through 43 of Appendix Go Values of the velocity 
and temperature profiles are presented in Tables 44 through 72 of 
Appendix H, 
For the uniform entrance profile case Prandtl numbers of one and 
ten were considered because this covers the most significant range for 
heat transfero Using the constant property solution as a guide, inter-
polation can be easily accomplishedo 
Sample calculations using these results are presented in Appendix I 
Discussion of Calculation Conditions 
At this point something should be said about some of the practical 
calculation requirements made on the numerical schemeo The question of 
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the mesh size may be broken into a separate consideration of the size of 
AT and Az since the numerical scheme is unconditionally stableo 
The selection of an optimum Ax value is difficult because of the 
extremely wide variation in velocities which can occur in the tubeo For 
example, when free convection forces cause the axial velocities to decrease 
at the center line they also cause the axial velocities near the wall to 
increaseo These regions require a small value of ATO On the other hand, 
much larger Ar mesh lengths can be used where the velocity gradients 
near the wall are not so steepo The development of the thermal boundary 
layer is also a factoro In order to get accurate results in some situa-
tions it was found necessary to use 160 radial mesh points; this, of 
course, requires the solution of systems of linear equations of order 
160. 
In deciding on the axial step size, Az, not only is it necessary 
to decide how to refine the value of Az as the solution proceeds, but the 
starting value of Az must also be decidedo It was also found that an 
/ * order of magnitude of Pe/z was required for initial errors to be 
, ^ 4 
''washed" out. Thus if accurate values are desired at Pe/z « 10 , the 
solution should be started at Pe/z « 10 . The optimum step size was 
easily tested by examining the error terra, E . By keeping this error 
term less than a maximum of two per cent an accurate, fast computer 
solution was obtainedo 
The calculation was always stopped if u, or û , became less than 
zero. These conditions occur when the center-line velocity is negative and 
when the velocity gradient is negative at the wall. The first condition 
usually results at some point along the tube when Fc » 0. The second 
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condition usually results at some point along the tube when Fc < 0, 
Aside from the fact that the numerical scheme was not developed to handle 
negative axial velocities, these conditions indicate unstable flow pat-
terns which are not described by the mathematical modelo 
Effect of Inertia and Radial Velocity Terms 
A comparison of the results of this work with those of Lee 
illustrates the effect of including the inertia term in the equation of 
motion and the radial velocity in the energy equation. In general, it was 
found that predicted heat-transfer rates were in agreement for cases where 
free convection effects were small and large density gradients were not 
encountered, that is, where the inertia and radial velocities were not 
important in describing the velocity fieldo However, differences up to 50 
per cent were observed in some extreme caseso Friction factor results 
were radically different due to the definite contribution of the inertia 
term through Pj,g. Typical comparisons are shown in Figures 37, 38, and 39o 
The general shape of velocity profiles due to viscosity and free convec-
tion effects were found t© be the same as calculated by Lee, Hanratty, 
(4) and Pigfordo 
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a -P O CH S 








^ M d d V ^ ^ d d V ^ ^ ( M j / W ^ j 
76 
CHAPTER V 
CONCLUSIONS AND RECOMMENDATIONS 
Based on this work the following conclusions are reachtd: 
lo The numerical scheme described in this work gives an accurate, 
efficient computer solution for equations (5), (6), and (7) for a variable 
property fluid flowing in a constant wall temperature tube with either a 
parabolic or uniform entrance profile. 
2o Neglecting the inertia term in equation (s) and the radial 
velocity term in equation (6) can result in significant errors in calcu-
lated resultSo 
3. Calculations indicate that variation in viscosity and 
density are important in laminar flow heat transfer and can have pronounced 
effects on friction factors* Variation of thermal conductivity and heat 
capacity are much less important. 
4. Based on the parameters |i and Fc it is possible to corre-
late heat-transfer and fluid-flow results with a reasonable degree of 
accuracy over a wide range of property variations. 
5. For heat transfer, the initial profile is ©f no practical 
significance for Prandtl numbers greater than about ten. However, fric-
tion factors will depend ©n the initial profile even for large Prandtl num-
bers. 
6. Extreme distortion of the parabolic velocity profile proba-
bly leads to turbulence even before negative axial velocities are encoun-
tered. 
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Recoramendations for additional studies are suggested by this work. 
They are 
1. the rnodifieation of the numerical scheme described in this 
work to include other tube wall conditions such as constant heat flux, 
2. an extension of these calculations to the interesting and 
important case of non-Newtonian fluids, 
3. the measurement of more experimental data under the condi-
tions of this study, particularly for cases where free convection effects 
are important, and 
4. a study of the development of turbulence in nonisothermal 
flow based on velocity profile data that can be generated from this 
work. 
A P P E N D I C E S 
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APPENDIX A 
DEVELOPMENT QF CALCULATION SCHEME 
Develepinent of Finite Difference Approximations 
Consider the function f(r,z) defined ©n the semi-infinite strip 
©f the (r,z) plane bounded by 
0 < r < I 
and 
0 < z < « 
Further, let a rectangular grid of mesh spacing (Ar, Az) be super-
imposed on this domain. Define 
r « (m - 1)AT (31) 
m 
z^ « (̂  - l)Az (32) 
and 
f̂  0 « f ((m-l)Ar, {l-l)Az) (33) 
By a Taylor's series expansion about a 
2 2 
f (r ,z ) « f(a,z) + ( r - a ) ( | ^ ) + - ^ ^ ^ ( ^ ) + . . . + 




( r - a ) ^ / W ^ 
9 r kyZ 
(35) 
and 
r + a I r . £J-S. < r - a (36) 
Applying this expansion to the f ini te differences grid 
'^1,1' '.,1^^ (3T^»,*+°(^^') (37) 
n»-l,'t' wij'C 9 r iHj-v (38) 
Combining equations (37) and (38) gives 
/9f\ w\-\^\, m-1 ^\f . r\i. 1\ 
^^\,l \ 2Lr ^ + 0 ( i ^ ^ ) 
(39) 
The functional symbol 0( ) indicates a truncation error which is pro-
portional to the value of the argument of the function. 
By a similar manipulation of Taylor series expansions, the fol-
lowing finite difference approximations may be derived with the order of 
their associated truncation error. 
;,. 3f • - 4f , » + f 
/O i\ m»'i/ m 
^dr^m,'t * 2LT 
-1,-t m-ljl ^ G(Ar^) (40) 
- f 
/9f\ m'fl t\, mt^y , f^/. \ 
^a^K.l % + °^'^^ 
(41) 
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V—o)™ i * o — ^ ^^^^ ) ("̂ Ĵ 
or ' AT 
m+T^ ,1 
A simple interchange rtsylts in approximations for derivatives with 
respect to z. For example 
(|f) ^ ̂  ^•J^bhLlJMA + o{Lz^) (44) 
mj-t + 2 
Finite Difference Representation of the Motion Equation 
Writing the equation of motion as 
2 
^ oz dz '̂  a 2 ^ r or ^ ' 9r ^ ' 
or 
and adopting the notation 
u i ^ " [(m-l)Ar, ('t-l)Az] (46) 
Uly^ 
\ I ' "^ [(m-l)Ar, {1-1)^2} (47) 
p^ 0 « p [(m-l)Ar, (-t-DAz] (48) 
> ^ ^ - 11 [(m-l)Ar, (^-l)Az] (49) 
p^ - p [(^-l)Az] (50) 
the motion equation can be approximated by 
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'^Mft+l m,t\ Lz y " Az 
KMl \ ^ 2 ^ \ ^ - %,^+l^r«,^ ̂  
2Ar M 2Ar J "*" ̂ m,^+l ^̂ ^̂  
Rearranging this equation yields 
f ^^Ml . ̂ m.-t-H Pm,^+1%.^ ^m-H.Ul " ̂ m-l.Ul\ 
r ^ 2 "̂  2r Ar ' 2Ar .^2 J ̂ -1,-^+1 
\ Ar m 4Ar / ' 
{-^ir^'-^)\Mi ' 
( l̂!̂ ,̂ -H ^mj^tl Pm,^-H%,^ ^m-H.^-H " ̂ 'il-l.^+l^ 
V" î" " 2r Ar 2Ar " . . 2 /^m+1,^+1 
+ 2 
/ 1 \ , _\' Iflt't'-fl X^JL . -. /coN 
- ^Ii> Hn * ^z ^ + ̂ «,t+i (̂ 2) 
At the wall u.. . « 0. At the tube center line a limiting form of the 
equation of motion must be used since 
/i- 8H\ 
V ®7r' 
is undefined. By L'Hospital's rule 
lira 
r 
Lm ( ^ ^ - ^ (53) 
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- ^ + ep| + 2 ^ ^ 




Up©n substituti©n of the finite difference approximations the equation 







Noting that by symmetry conditions u^ Pli = % Pj.i 
then rearrangement of equation (55) yields 
r Az) p̂ +i * \ ^ — i t — J "• *l,^+l 
(55) 
(56) 
The above system of equations can be written in vector-matrix notation as 






The matrix ©f coefficieFits i s 
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B, 
C^ A^ B^ 
V \ 
\ \ 




i.t-n , ^uUi A «l * J'- * + =J-i-JL\ 
AT 
( ^ ) 
(6G) 
(61) 
and for 2 < m < N 
^ V ^̂  Ar^ y 
(62) 
m " V" 2 " 2r Ar 2Ar " ..^2 I ^^^^ 
\ Ar m 4Ar / 
ro. .̂ • (- -̂ T̂" ̂  2rzr - - - i ^ r ^ ^ •"'"::̂ 2 "̂^̂^̂') (̂ )̂ ^ (V^|j4 ijî t+l Pm,^+l '̂i»>.>t ^m-t-uUl "^ ' ^ 2 2r Ar ' 2Ar .̂  '̂  
V Ar m 4Ar 
The vectors a and b are given by 
a « 
m * ' ' y '••') * ».,<« (65) 
m 
( - ^ ) 
Tkt scalar p is the pressyre at the -t +1 step, PP+i* 
Finite Difference RepresentatioFi ®f the gnerqy Equation 
Writing the enerfy equation as 
pCpPrUg^ . k --5 + (- + - . pCpPrv)g^ 
ar 
and adopting the notation 
T^ ̂  - T[(in-lMr, (l-l)Az] 
k^ • - k[(!n-l)Ar, (-t-DAz] 






the energy equation can be approximated by 
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p p e Pr u 





II,'u , m+l ,'u m-l ,'L' 
AT' m 
2Ar 
P r v V^'^-'-l*^--'-! " '^m-lt^-n'' (71) 
When rearranged t h i s equat ion becoHies 
m t't , wif^y . m+lgx- CTi^l,^ rn«<̂  PiUy't̂  Mt-t \ _ , 
2 2r Ar ..2 ' 2Ar J m-l.-t+l . 2 
Ar m 4Ar' 
^Mft p p m.-t 2k p\ / 
^z ^̂2 J \Ml [ m A 2r Ar m 
4Ar 
p pc Pr V p 
2 2Ar 
p pc FT u pi p 
II,v p 0 ii,'u mj-i/ 
'̂ ro+lj-t+l * Az 
(72) 
As with the motion equation, a limiting value of the energy equation at 









The energy equation at the center line becomes 
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ai 
DC Pr u r— 






and the finite difference approximatioia is 
p, pc Pry, • 
^ l̂,̂ 4̂ l " ^ u i N ^ 2k̂  ^/^2,^^l-^1,1^1 ^^o.^^l^| ^̂ ^ 
Ar 
Noting that by symmetry 
*̂ 2,'&+l " '^Q.ln 
rearrangement of equation (75) results in 
^+l 
Pr u, pT. pl,^%^ ^^^"l,^h,^ 
Az 
(76) 
Since the radial velocity was expected to have a pronounced effect on 
the heat-transfer process and since the radial velocities for some situ-
ations are quite high near the wall of the tube, it was decided to add a 
fictitious Mesh point one step past the wall. This procedure allows 
the use of the energy equation at the wall where the radial velocity is 
zero. At the wall the energy equation is 
"a^ . A ak . o\af 




Using difference approxinations this equation becomes 
'̂ N-h2,̂ +l " ^̂ N-H«-e+l "̂  hMl 
AT' 
(78) 
1 (^\nj. '̂ N̂,̂  ̂ '̂ -l,^^ ^ T V 2 ^ 
snn,l 2Ar 
i j l l V l ^ ^ 0 
2Ar J ^ 
or 
^ ^hn,l J ^^^^^ 
(79) 
' 3W,^••%,^^^^N~l,^ \ , « 2T . 
Note t h a t 
N+lj-t+i " w 
Let 
TC 
"^N+ljl+l ' ^N+2,^+1 (80) 
Then the above system of equations may be written in vector-matrix nota-
tion as 




S 2̂ 2̂ 
\ "̂  \ 
^ \ \ 




N̂ ^ J 
\ # 
^ . • W l >1+1 
(82) 





for 2 < ro < N 
(84) 
P P^ P r u 








' ^ k p k i k . , p - l c , p '^m,Z p I n.-t 
m,-!̂  m,^ m+1 j-C m- l t i ^ ' '̂ m,<> [__ 
' ^ 2 " 2T AT ' .^2 2Ar 
^ AT m 4AT 
' k • k p k , , p - k , • '^m,'?' p • wift 
m,^y . »,</ , UTI,!> m-l,!/ m,</ 2__ 
" ^ 2 2r Ar . ^ 2 " 2Ar 




and for m * N + 1 
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\ +1 
^ , ^^n+ul ' %.l -̂  ^N-u^ , 
4k ^ r N+lj't 
(88) 
(89) 









/p tc Pr u • T » 
m 
1 < m < N (92) 
il»±_ _ B̂  T 
y Az . N w 




Finite Difference Representation of the Continuity Equation 
The following finite difference approximations have a second order 
truncation error with respect to the grid point (m + - , t + -r) , 
a(rpv) _ Pm+lPm+l ,-^+1%-HMl 
ar ~ \ Ar 
- r ^M^^'^M^ + OCAr̂ ) (95) 
a(pu) l/̂ ii-Ĥ PfM+l̂ -̂ -Ĥ n-i-U-̂ +l " Pm-H.^\+U-^ 
^ az " 2I Az 
r (p tl+l m, 
Az y "*• ̂ ^^^ ' Az^) (96) 
These approximations can be substituted into the continuity equation 
Q^pv) ^ J. a k y l . 0 
ar az (97) 
to yield 




Writing the continuity equation in expanded form 
9(pv) + ax . a i£ul 
ar ^ r ^ az " 
(99) 
and noting that by L'Hospital's rule 






t h e equatioFi 
2 9(P^) -f Q(pu) 
dr 32 (101) 
r=o 
resultSo This equation can be put in finite difference form to get 
p2,^+l^2,^^n " pl ,^-n^l ,^-n 
Ar 
I f p2,^-n"2,^-n"p2,^^2,^ 
" 2V Az 
Since 
then 
^ p l . ^ ^ l " l . ^ ^ l ^ - p l . ^ " l • ^ ^ ^ Q ^ ) 
^i,t - ° 




The components of the vector 
'^ul \ -











ire determined by recursive application of the above equations. These 
equations can be compactly represented in matrix-vector notation in terms 
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of u as 
C u + d (105) 
Although for computational purposes nothing would be gained by extracting 
the matrices C and d and cataloging their elements, it is noted that 
Ar\ "*" 
C is a function of (7~) j r , p o , and p D .; and d, in addition, is 
A Z m Mj'v IHj'l/'Ti 
a function of u 
m ,1' 
Numerical Integration for Overall Material Balance 
The statement 
I rpudr (106) 
represents the overall mass balance which must be satisfied at any tube 
cross section., Denoting the integral by xjj , it can be numerically cal-
culated at the t+1 step as follows: 
N-2 
2 
^ u " I 2̂.1-1 
j*=l 






% ' ̂ 24> 
^^P^)m,^+l •" ̂^̂ P")m+l,̂ -̂l •" (̂ P"̂ m+2,̂ +l 






^N+1 " 720 •^^^^p^^N.2,^+l -" ^°^^^p^^N-2,^+l"2^^^^p^^N-l,^+l 
+ 646(rpu)j^^^^^ + 251 (rpu)^^^^^^^ (110) 
The first term, the integration to N-1, is a straight forward applica-
tion of Simpson's rule while â ^ and a„ .. are high order quadrature 
forraulaso The high order sehemes were developed by Lee to take into 
account the extreme variation in properties near the tube wallo In matrix-
vector notation this calculation can be represented as the scalar product 
4 ^ - (t, S) (111) 
.,& 
where e is a function of Ar. r , and p p,,« 
' m' '̂ mj'U+l 
Solution of Systems of Equations 
The difference approximations for the equations of motion and 
energy result in systems of linear algebraic equations for which the 
matrices of coefficients are tridiagonal in formo For this type of 
system a simple computational algorithm based on the Gaussian Eliraina-
(43) 
tion Scheme is availableo This scheme has high accuracy and is very 
economical with respect to computation timeo An outline of this tech-
nique follOWSo 













Then the computational algorithm is 
W, « A, 
1 1 
W A - C r 
m̂-1 
m m m m~l 
B. 




D - C G , 
m m m-l 
W 
m 
'n "= % 
X = G - Q X 
m m ¥1 m+1 
(m* 2,3,4,00= N) 
(m « 2,3,4,.oo N) 
(m = N-l, N-2,,o. 1) 
> (113) 
Notice that at the most three multiplications, three divisions, and 
three additions are required per grid point, and the amount of computa-
tional time is directly proportional to the number of grid points. 
iijk. 
Newton's Method Calculation for u and p 
According to the overall material balance condition 
^ u ' l (114) 
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hence 
(e, u) = ̂  (115) 
and for fixed values of A, a, b, and e then 
F(p) - I - (e, u) (116) 
This implies the use of a Newton-Raphson iteration to choose the correct 
pressure. The iteration algorithm is 
i+1 i F(p^) /.-_x 
P = p - " g ^ (117) 
where 
D F « -(e, D u) (118) 
p ' p ' 
AD u = b (119) 
- p 
and (e, D u) is evaluated by the same numerical quadrature formula as 
^^u 
Notice that D u is independent of p, and only one iteration is 
required for convergence to the correct value of p. The calculation is 
initiated by approximating po . by p« and calculating F(pp) and 
D F(po), The correct value of po . is calculated by the Newton-Raphson 
algorithm and is used to compute u, \il can then be calculated as a 
check. 
It is possible to combine 
it, u) » I (120) 
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aiDd 
A u * ? + bp (121) 
in which p becomes an element of u and - becomes an element of a 
to get 
Eu « ? (122) 
The matrix E, however, is not tridiagonal and requires a much more com-
plicated procedure than that for the tridiagonal system. Direct elimina-
tion methods are subject to round-off error for large systems such as 
considered in this work, and iterative methods, even when convergence is 
assured, require a large number of calculations. A detailed discussion of 
(43) 
these problems may be found in Lapidus. 
This Newton-Raphson approach was found to be very accurate and did 
not require excessive computation time. The difference, ^ - t)(̂ , 
zero to at least eight decimal places. 
Q \y. 9 wa s 
Calculation Scheme for Velocity and Temperature Fields 
The preceding equations can be summarized by 
Au = a + bp 
Bt = c 
cu + d 
(123) 
A, - (e, u) 
The calculation procedure is as follows: 
-*" • — 
1. B and c are evaluated at step t and used to solve for t< 
2. With values of t known, properties are evaluated at 
98 
3. A, a, b and e are evaluated and used to calculate u and p, 
4. C and d are used to calculate v. 
5. Velocities and temperatures are then used to calculate various 
heat transfer parameters. 
6. The above steps are repeated in sequence. 
The computer program for the implementation of this scheme is found in 
Appendix B. 
Mean Temperature 
Following Lee, the mean temperature, T', is defined by 
T' 
» M 
Q' « W c'dT* (124) 
J J t P 
o 
and the first law of thermodynamics written for an element of volume 
fixed in space is 
Q ' « r (H« + ̂ -̂—̂  + g z')p'V • dA (125) 
vol ^ 
Neglecting potential and kinetic energy terms in comparison with the 
enthalpy term, this equation reduces to 
Q' « A 
/ r^' \ r̂ M 
(2nJ p'u'r'H'dr'J « Wj c' dT' (126) 
Choosing T' as the reference temperature, the above equation in terms 
of dimensionless variables is 
1 T 
o o 
Q «= J ^ Hpurdr = | J c dT (127) 
where 
p w 0 
^0 
^ 









then denoting (T' - T*) as AT' 
'̂  w 0 wo 
Integration yields 
G ^ p 
'^o 
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M « g . (^ ' - T ' ) ^^^^^ 
(129) 
P T 
H - J c dT (130) 
H « T (131) 
1 
Tĵ  = 8 J ^ Hpurdr (132) 
c ' » c + c . T ' (133) 
p e l ^ ' 
c + c . T ' + c.AT' T 
o 1 o 1 wo /,«>,\ 
c « ; (134) 
p c ' 
P« 
Tji^ / \ 
f c d t - - T - f ( c + c , T ' ) T „ + kc ,AT '^ )T„^ ] (135) 




vS = 8 J ^ Hpurdr (136) 
ind solving equation (135) for T„ 
- c ' + / ( c ' )^ + 2c,AT' c ' J 
Po V Po 1 '̂̂  P Q ^ 
M̂ ' - ^ V ^ f ^ "^ (137) 
1 wo 
The integral ^ can be evaluated by the same scheme as vcSI . The mean ^ q ' u 
temperature as defined here is just a generalization of the cup-mixing 
temperature. 
Nusselt Numbers 
The local Nusselt number is defined by 
D ' k ' | i ; 
r « D/2 
Nii " T^ = —nTr"! T M (13^^ 
'̂M '̂ M̂  w " ^M^ 
Putting this into dimensionless form 
k — I 
w ar| ./̂  
A finite difference approximation for this equation is 
^J+l(3Vl,^-H " "̂ "̂ N.̂ +l "̂  '^N-l,^+l^ . , l\-rx l^TX > V ^ X IN t ^ ^ T l I - J . , T / - r X f^Af\\ 
"" ^'-^M^l - \ ) ^'''^ 
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Defining the arithmetic mean heat-transfer coefficient as 
Q' -i^^M-^'^' 
(T ' - T •) + (T • - T •) 
w o w M 
(141) 
and combining with equation (126) 
Dj 
2ic J ^ H'p 'u'r'dr' 
o 
^AM'^^'^ 
2T ' - T • - T • 
w © M 
(142) 
In dimensionless form the arithmetic mean Nusselt number is 
AM 
Nu AM k 
AM 
4Pr r 2 „ , 
Hpu rdr 
^J^ - ̂ M̂  (143) 
Similarly, define the logarithmic mean transfer coefficient by 
Q' -hj-^^D'z-
(T' - T') - (T' - T*) 
w ® . .. ̂  ^_ 
ln[(T'-TM/(T'-T')] L 
w o ' w M 
(144) 
and in dimensionless form 
Nu 
.2 1 n ( l - y P r J 2 H p u r d r 
LN 0 
LN Kn •̂̂ LN̂ M 
(145) 
For constant properties this expression may be reduced to 
Nu 
Pr ln(T~r-) 
^ " M 
LN 4z 
(146) 









For constant properties a very interesting relationship exists between 






h'icD'djJI - T^)dz' « -(|)D'^pVu'dTjJ[ (148) 
r '̂̂^̂" -J, 
M D'P'^p^'dT^ 





I n 1 ^ « , , ' 
h 'dz 
-D'p 'c ju 
4" 
In T » - T ' 





(T ' - T ' ) - ( T ' - T ' ) 
w 0 w M 
D'p 'c 'u* 
P 
(T ' - T ' ) - (T* - T ' ) 
w 0 w M 
4 T ' - T ' 
, W 0 
T ' - T ' L w M -
(151) 
J h ' d z ' 
z ' ( ^ ) p ' u ' . c ^ ( T ^ - T ^ ) 
^ ' ^ ' - ( ^ v i - ^ M ^ L N 
(152) 
Then from equation (144) 
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^ j ' h'dz' = h£^ (153) 
and 
Nu LN z J Nu dz (154) 
This integration can be performed in a straightforward manner by appli-
cation of the Trapezoidal rule to get 
(N\N)̂ +l = (N\N)^^^([n+l^^^^)^) (155) 
The starting value for the parabolic velocity profile case can be 
obtained from the Leveque solution. It gives 
P T ~'^/3 









A starting value for the uniform velocity profile case can be obtained 
by taking the Pohlhausen flat plate solution to be a good approximation 
(32) 
near the tube entrance. Modified for a log mean temperature this 
solution gives 
Nu 







-0 ^fs'^ ,PrvO«5 
limit Nû ĵ  « 0.644 Pr ^'^'^^ (—) (159) 
Step-by-Step Energy Balance 
When the temperature and velocity fields are known it is possible 
to calculate the energy added to the system from one tube cross section 
to the other by two independent methods. One method is based on an 
integration of the heat flux at the wall, and the other one is based on 
using T„ to find the difference between the total energy entering and 
leaving from one cross section to the other. 




• ^ z ' D' 
i i j^ t t 
I 
Tube between c ross 







dQ' » h ' l t D ' d ' - Tjjj)dz' (161) 
then 
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dQ- -Nuk^Jicd; - T^)dz' (162) 
and in dimensionless form 
dQ « (~)Pr Nu kĵ d - T^)dz (163) 
Q " f j '^M^^(l-V^^ (164) 
In finitt difference representation, using the Trapezoidal rule and 
making the calculation grid step by grid step 
In . / \ 
On the o ther hand 
M 2** 
I I 1 I I 
A i \ c dT 8 J p 
0 ^ -
(166) 
For cons tan t c* t h i s becomes 
P 
M 2 " 
"l** 2 1 
(167) 
but for 





1 + f 1 W O \ T (169) 
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Substitution in squation (216) and integrating gives 
Q T .T ^(^fi^fll ^ll" (170) 
If c, » 0, this reverts to equation (217)o In finite difference form 
Q 
^+1 
T T + / 1 ^ A / T ^ 
Ml 
(171) 
Denoting Q from the local Nusselt number calculation as QN and from 
the mean temperature calculation as QT, an error term can be defined as 
QN „ QT 
2 
QN_ + QT q 
2 
QN - QT 
QN + QT 
(172) 
Note that this error is essentially defined by 
Q " Q* ± E (Q. ) Average q Average 
Pressure Terras 
Rearrangement of the equation of motion results in 
dp / 9u , 9u N , 1 6 / 9^ \ . n f^'T^\ 51= . (PV- + P U - ) + - - ( r ^ ^ ) + e p (173) 
Now, averaging this across the tube and integrating with respect to z 
1 ^ I 




0 * ^ 0 
r r ^ f4R\n J ? ^ ^ ( 9u_L aux ^1 a / auv^^ 





Z „ TT 
I J '^P-J J ^ (p^aT + P^al̂ '''̂ '̂ '*"+J ^̂ 1̂ 1?̂  1^' 
0 0 T'2 
2 — 




z „, TT 
"^J J ^ ^P^a7^p"ll^^^^^^ "^^J ^^'l?^ 1̂ ^ 
0 O 0 r -
1 





(pv r— + pu r-") rdrdz (Kinetic Energy Effect) (177) 
pp " '*J (• ' l?^ 1 ^̂  
0 r « ;r 
(Frict ional Effect) (178) 
1 
z „ r 
PG = eej J ^ prdrdz (Gravity Effect) (179) 
0 0 
then 
PKE -̂  PF ̂  PG (180) 
The term Pj.p may be calculated by making the same difference approxi-
mation as in the equation of motion and evaluating the integral 
KE^^i Ĵ  ar ^^ l+L 
rdr (181) 
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by the scheme represented in equations (107), (108), (109) and (llO) 
Then the term P^- is given by the recursion fomula 
<PKEU+1 • K E U - 8^^«KE (1^2) 
(PKE\ - ° 
The term Pp is calculated for the parabolic entrance profile by 
(Pp) - (Pp)j, - (Y)(PRCTN^ + FRCTN^^^) (183) 
where 
FRCTN̂  - ̂ y!!:N±a_!^Nj^:Vbli\ (184) 
and 
FRCTN, = "8^ (185) 
1 ^0 
For the flat entrance profile 
= 0 (186) limit 1^ 
or 
z —^ o 1 





T * — 
2 
(187) 
However, the magnitude ©f this slope decreases rapidly and negli-
gible error is introduced in the first step by taking 
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FRCTN^ - FRCTN^ 
Qf course 
(Pp), - 0 








is evaluated by the scheme represeFited by equations (107), (108), (109), 
and (110)o Also note that 
(PG)I 
and 
(J) = i 
Based on the foregoing pressure terms an apparent relative fric-
tion factor may be defined as 
^^ + ̂ PKE *APP ,,„.. 
(Ap. + ^p.j = r — (̂ °̂) F "^KE'w APPW 
where the pressure drop calculated for variable properties is compared 
to the pressure drop if the fluid were flowing isothermally at the wall 
temperatureo 
no 
For the parabolic entraFice profile 
!APP_ ̂  !APP P̂p "̂  ^PKE 
APPW ^w f.̂ .̂.. f -32 2 M. /p ^^^^' 
w '̂w 
For the uniform entrance profile (App + ̂ Pifp) can be evaluated 
from Figure 6 by using 
z = zii /p (192) 
The term APp + ^^VE C®'̂  '̂® calculated directly or by the dif-
ference 
APp + Ap^g « Ap - APQ (193) 
when App is small compared to Ap< 
A suitable approximate calculation of the term p^ can be made by 
n ^ 
p^ = e J pjyjdz (194) 
Truncation Error for Finite Difference Equations 
Define a truncation error by 
E «= [Finite Difference Equation] n - [Partial Differential Equation] « 
(195) 
This error can be determined by expanding the point values in the finite 
difference equation in a Taylor series as previously described,, Substitu-
tion of these terms into the finite difference equations retaining the 
remainder terms yields the truncation erroro For the equations used in 
Ill 
this work the following errors are obtained, 
2 
(motion) 
^h^mMl -- °̂ ^̂ ^ ̂^ ̂  ^̂ ^̂^ 
2 . 2. (continuity) 
(E^) ^ ^ = 0(Az^, Ar ) (197) 
2 
(energy) 
(̂ t'™,e+i • °(^^' ^̂  ^ (i^s) 
Hence E vanishes unconditionally as Az and Ar approach zero for all 
the approximations usedo 
Stability and Convergence 
After 0'Brian et al. ̂ "̂ ^ Let c£> represent the exact solution of 
the partial differential equation, A represent the exact solution of 
the difference equation̂ , and r\ represent the actual numerical solution. 
The truncation error for convergence {cB- A) is due to the finite mesh 
size. Establishing conditions under which (o©'- A) —»- 0 is convergence 
analysiSo The numerical error (A - T] ) is due to the introduction of any 
numerical errors in the calculation, but it is primarily due to round-off 
errors made by the computero Stability of the difference equation means 
that (A - f]) can be kept small throughout the region of interesto Hence, 
in order to make 
(̂ - n) = («^- A) + (A - f]) (199) 
small, the numerical scheme must be both convergent and stable» 
Notice that this truncation error is different from E which is 
the difference equation truncation erroro 
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The questions of stability and convergence of numerical schemes 
for nonlinear partial differential equations with variable coefficients 
are difficult if not impossible to answero However, in order to eliminate 
from consideration inherently poor numerical schemes so called heuristic 
arguments can be employedo The argument used here to reduce the equa-
tions of motion, continuity and energy to linear equations with constant 
(44) 
coefficients has been attributed to von Neumanno It involves examin-
ing the numerical scheme for the equation in small subregions in which the 
coefficients can be considered constant and the equation linear. If 
errors do not grow in this subregion where they are initiated, then they 
are assumed to remain bounded in the overall region and the numerical 
scheme is considered stable. Stability has been shown for many equa-
tions to imply convergence. 
With these simplifications in mind, the linearized equations of 
motion, continuity, and energy become 
« ?^ + P 1^ - ̂  + r (200) 
or "̂  8z Q^z 
| X , a E , o (201) 
„* ai + o* 81 . 9̂ 1 (202) 
"" ar ^ P az " . 2 ^2^2^ 
or 
If the difference equations resulting from the numerical scheme as applied 
to these equations are stable and convergent, the difference equations for 
the nonlinear variable property equations will be assumed stable and con-
vergent. The following discussion will be restricted to linear equations 
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with constant coefficientSo 
Now consider a difference equation of the form 
L s m+Sj-t+l Li s m+Sj-t 
s s 
where the summations are over a finite set of neighboring points around 
m on 't+l and t respectivelyc Introduction of round off errors 
yields 
I ^(Vs.^+l + *n,+s,*+l̂  - E \K^s,l*\^.,l> * ' (204) 
s s 
If equation (203) is subtracted from equation (204), the variation equa-
tion 
L s m+Sy't+l L s m+Sfl 
s s 
results. 
A complete description of the von Neumann stability analysis can 
be found in (44), and an outline in (45), but in essence a solution to 
equation (205) of the form 
t . ' [Kl^ ê "̂"̂ , i - y r (206) 
m .1 
is assumed. This form is substituted into the equation, and if a solu-
tion is found, a necessary and sufficient condition that the errors do 
now grow as z increases is that 
U I < 1 (207) 
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f©r all values of cp<, 
(46) (47) 
Lax and Richtmyer have extended the von Neumann stability 
analysis to include systems of equations and in addition have established 
the conditions under which stability for linear equations with constant 
(14) coefficients implies convergenceo Bodia has applied this procedure 
to a system similar to equations (200), (201), and (202), 
The procedure consists of considering the set of K independent 
variables 
. (1) . (2) Am) AK) 
O P s ^ p * o o D p e o o O p 
m,"!/ ro,'t/ m,!/ m,'0 
and a set of K linear equations of the form 
y yA^'^^: '^ , = y y B ^ ^ ^ ^ . 
Li L s,n m+s,i'+l LJ LJ s,n m+Sy'C 
(208) 
L L s,n m-¥l,l+l L L s.n m+s.-v 
n s n s 
Solutions of the form 
*!"] - ̂ -^f «'"""'' (209) 
m,!/ n 
are assumed and substituted into this system of equations., The common 
term e may be cancelled out and the resulting system of equations 
written as 
H.g, « H 9 (210) 
-1^1 -o^o ' 








Defining th@ amplification matrix by 
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(211) 
G = H'"̂  H (212) 
— — —o 
and denoting the eigenvalues of G by X , n « l,2jooo K. 
Lax has shown that the von Neumann necessary condition for stability is 
\ I < 1 + 0(Ar) 
n' ~ ' 
(213) 
If in addition, all the elements in G are bounded for all (p 
ind if all of the eigenvalues with the possible exception of one satisfy 
|X I < 1 
' n' -
(214) 
then the condition is necessary and sufficient., Lax has also established 
the equivalence of stability and convergence for well posed problems which 
satisfy the consistency conditionso For linear equations the consistency 
conditions require that E vanish as Az and Ar approach zero. 
A trivial modification of Bodia's analysis yields for the difference 
system, 
f\+iMi'''m'iMi\ ^, /%,^^n"%,^^ /Vi,^^^^^"m,^-n^^\-lMI\ ^ 
\ — ^ r --) - \ '.z ' ) \ ^ ) -
(215) 
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W l .^-H " m,>^-H\ • fm+l Ml ' m+ltl m.'^+l mtl\ ^ (216) 
^/^m+l.^+l "^m-l,>t+l\ ^ n*f]j!LJdLLjhl 
2Ar 
- 2T 0., + T 
m+l,-E+l " '̂  m,-E+l m-1,-̂ +1 
Ar^ > 
(217) 
the amplification matrix 
1 - M 
1 - M* 
.(^)(,i9Ar^l)(M) 
2(l-M)(9l'ni)«,i'^-l) 
The eigenvalues for this matrix are 
(218) 
X, « 
1 1 - M 
1 










(2 cos (p A r - 2 ) - ia* Ar sincp Ar) (223) 
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An examination indicates that 
|X-I < 1 for p > 0 
» 
\\^\ < 1 for r > 0 
By analogy the values of p and 9 can be related to the physical prob-
lem as 
p ' ^ (224) 
and 
^ Pr p c u 
P = u "̂  (225) 
and the condition of stability becomes a restriction to nonnegative axial 
velocities. For 8 and p negative the eigenvalues can be shown to 
satisfy the stability criterion if certain restrictive conditions are 
placed on Az, Ar, a and a*, but due to the physical instability of the 
flow for negative axial velocities this is of little interest in this 
problem. 
Since for p / 0 all the elements in G are bounded functions of 
(p, the above conditions are necessary and sufficient for stability, and 
since the difference formulation satisfies the consistency condition, the 
(47) difference scheme is convergent. 
The results of this analysis in conjunction with the excellent 
results of the calculations imply that the difference scheme for the non-
linear, variable property equations is stable and convergent. 
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APPENDIX B 
COMPUTER APPLICATION OF CALCULATION SCHEME 
Computer and Computer Language 
The calculations were made on a Burroughs B-5000 Information 
Processing System operated by the Rich Electronic Computer Center at the 
Georgia Institute of Technology, The programming language was Extended 
Algol 60 described in references (48) and (49), A useful general intro-
duction to Algol can also be found in McCracken. 
Outline of Computer Program 
The sections in the following outline of the computer program 
correspond to the sections found in the COMMENT statements in the program. 
SECTION (l) In this section certain declarations and initial 
statements required by the programming language are made. In addition, 
computer procedures for implementation of equations (9) , (10), and (12) 
and for forming the elements in the matrices (59) and (82) are set upo 
The property equations are also specified here. 
SECTION (ll) In this section the input data are read into the 
program. The input data consist of Re, D", T', T', z, c., Fr, 
(AZ) , a constant which specifies the direction of flow (-1, up; +1, down; 
0, Fr read in with data), a constant which specifies the initial velocity 
profile (O Poiseuille, 1 flat), a constant that specifies how the radial 
net is to be modified, N, and a constant which allows 6 to be set 
equal to zero. The finite difference scheme is initiated by calculating 
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certain starting values, 
SECTION (ill) Equation (10) is solved for t in this section. 
It is then used to calculate values of p, [i, k and c . 
SECTION (IV) Equations (.9) and (11) are solved for u, v and 
p in this sectiono For the first step, the values of the radial veloci-
ties are averaged with the values at z » 0 and used as a better starting 
value for SECTION (lll)o 
SECTION (V) In this section the values of Nu, Nu..,, T.,, E , 
' AM' M' q' 
p , p , and Pp are calculated. Az and AT are changed in this 
section if certain prescribed conditions are met. If u. or u^ are 
less than zero, the program is stopped. The program is also stopped if 
z < 5; otherwise the numerical scheme is stepped Az and cycled to 
SECTION III. 
This program is to be regarded as a working tool for the calcula-
tion of the results presented in this work. It is presented more as ref-
erence material, to illustrate the practical implementation of the theoreti' 
cal development, than as a finished program versatile enough to fit any 
application efficiently. However, the basic program can be easily modi-
fied to fit special cases. 
Computer Program Nomenclature 
Af 1 - A CPA - c 
• "" PAM 
B[ 1 - B CPM - c 
•̂  PM 
C[ 1 - C CPW - c 
•- -• m p 
^w 
Gl - c- D[ 1 - D 




DIAV — D F 
P 
DL - Az 
DLO - (Az)^ 
DR - Ar 
DUP[ ] - D u 
p m 
ERR - 2E 
q 
FCN - FG 
FCP - Heat capacity functi* 
FKT - Thermal conductivity 
function 
FRHjZi - Density function 
FRN - Fr 
FVIS - Viscosity function 
lAV - ^u 




KTM - M̂ 
KTO - k' 
0 
KTW - k 
w 
L - z 
N - N 
NUAM -
N"AM 
NULM - ^\N 
NUN - Nu 
0 . Zero 
t - 0 
P - p 
PEN - Pe/z* 
PENA 








PRN - Pr 
QN - QN 
QT - QT 
RATI0 ^r 
REN - Re 







T[ ] - T m 
TFCTS - Fictitious 
temperature 
THETA - e 
TM - T 
M 
TR[ ] - T' 
m 
TRM -p 1 
M 
im - T ' 
0 
TRW - T ' w 
u[ ] - u 
m 
URH0[ ] - u p 
UM - u ' 




















COMMENT SECTION ( l ) ; 
C0MMENT 0IL A J 
COMMENT HT TRNSFR T A VRBL PRPRTY FLD N NTRRNC F VRTCL TUB ; 
INTEGER I,J,M,MM,N,NN,S,X,Z,SGN ; 
REAL ARRAY DATAl,DATA2,DATA3,DATA4,DATA5,DATA6,DATA7,DATA8[l:10] ; 
INTEGER ARRAY DATA9,DATA10,DATA11,DATA12,DATA13[1:10] ; 
REAL ARRAY A,B,C,D,E,F,G,H,W,DUP,VIS,KT,CP,RH0,RH01,U1,U,V1,V,T1,T,TR, 





LABEL NXTSTP,CRRCT,CYCL,BYPSS,RDVL,EXIT 5 
REAL PROCEDURE FCRCM,CPO,TR) , ; 
VALUE M,CPO ; 
INTEGER M ; REAL CPO ; 
ARRAY TR[1] ; 
FCP4(0.15780+(5.31579@-4) XTR[M])/CPO } 
REAL PROCEDURE FRHjZ5(M,RH0O,TR) 
VALUE M, RH0O 
INTEGER M ; REAL RH0O 
ARRAY TR[1] ; 
FRHO^67o7O978-(2c22667@-2)xTR[M])/RH0O ; 
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REAL PROCEDURE F K T ( M , K T 0 , T R ) 
VALUE M,KTO 
INTEGER M ; REAL KTO 
ARRAY TR[1] 
Fiasco . 085994-(2.19474@-5)5q-R[M])/KT0 
REAL PR0CEDURE F V I S ( M , V I S 0 , T R ) 
VALUE MjVISO 
INTEGER M ; REAL VISO 
ARRAY TR[1] 






BEGIN INTEGER M 
W[1>A[1] 
FOR M*2 STEP 1 UNTIL N D0 W [ M ] 4 - A [ M ] - ( C [ M ] X B [ M - 1 ] ) / W [ M - 1 ] 
G [ l ] - D [ l ] / W [ l ] 
F0R M*2 STEP 1 UNTIL N D0 G [ M ] * ( D [ M ] - C [ M ] X G [ M - 1 ] ) / W [ M ] 
Y [ N > G [ N ] 
F0R M*N-l STEP -1 UNTIL 1 D0 Y [ M ] - * G [ M ] - ( B [ M ] X Y [ M + 1 ] ) / W [ M ] 
END 
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PR0CEDURE NTGRL(N,DR,RHjZi,H,F,K) } 
VALUE N,DR ; 
ARRAY RH0,H,F[1] ; 
BEGIN INTEGER M ; 
K ^ , 0 ; 
FOR M4l STEP 2 UNTIL N-3 00 K<-K+(DR/3) X(F[M]XRH0[M]XH[M]+4XF[M+ 
1]XRH0[M+1]XH[M+1]+F[M+2]XRH0[M+2]XH[M+2] ) ; 
K 4 K + ( D R / 2 4 ) X ( F [ N - 3 ] X R H 0 [ N - 3 ] X H [ N - 3 1 - 5 X F [ N - 2 ] X R H O [ N - 2 ] X H [ N - 2 ] + 
1 9 X F [ N - 1 ] X R H 0 [ N - 1 ] X H [ N - 1 ] + 9 X F [ N ] X R H 0 [ N ] X H [ N ] ) ; 
K 4 K + ( D R / 7 2 O ) X ( - 1 9 X F [ N - 3 ] X R H 0 [ N - 3 ] X H [ N - 3 ] + 1 O 6 X F [ N - 2 ] X R H 0 [ N - 2 ] X H [ N - 2 ] - 2 4 6 X 
F [ N - 1 ] X R H 0 [ N - 1 ] X H [ N - 1 ] + 6 4 6 X F [ N ] X R H 0 [ N ] X H [ N ] + 2 5 1 X F [ N + 1 ] X R H 0 [ N + 1 ] X H ( N + 1 ] ) | 
END ; 
PR0CEDURE C F F C N T S ( N , D R , G , H , W , F , A , B , C ) ; 
VALUE N,DR ; 
INTEGER N ; REAL DR ; 
ARRAY G , H , W , F , A , B , C [ 1 ] J 
BEGIN INTEGER M ; 
A [ 1 > G [ 1 ] + 2 X H [ 1 ] ; 
B[ l ]4 -2xH[ l ] ; 
FOR M4-2 STEP 1 UNTIL N D0 BEGIN A[M]4G[M]+H[M] ; 
B [ M ] 4 - H [ M ] X ( 0 . 5 + ( 0 O 2 5 X D R / F [ M ] ) ) - 0 , 1 2 5 X H [ M + 1 ] + 0 . 1 2 5 X H [ M - 1 ] - H « I [ M ] ; 
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C [ M > - H [ M ] X ( 0 . 5 - ( 0 . 2 5 X D R / F [ M ] ) ) + 0 . 1 2 5 X H [ M + 1 ] - 0 . 1 2 5 X H [ M - 1 ] - W [ M ] ; 
END ; 
END ; 
FILE IN CARD (1,10) 5 





LIST L S T 3 ( F [ M ] , U [ M ] , V [ M ] , T [ M ] , T R [ M ] , U R H 0 [ M ] , P E N L [ M ] ) J 




"X»",I2,X5,"ZEf^ PARA"//) J 




FORMAT 0UT FMT3(E14o7,E14,7,E14.7,F13.9,E14.7,E14.7,E14.7/) ; 
F0RMAT 0UT HEAD(X5,"R",X13,"U",X13,"V",X13,"T",X13,"TR",X13,"URH0", 
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X13,"PENL"/) 
CJ2fMMENT SECTION ( l l ) 
READ (CARD,/,NN) 
READ (CARD,/,FOR M4l STEP 1 UNTIL NN D0 [ D A T A 1 [ M ] , D A T A 2 [ M ] , D A T A 3 [ M ] , 
DATA4[M] , D A T A 5 [ M ] , D A T A 6 [ M ] , D A T A 7 [ M ] , D A T A 8 [ M ] , D AT A 9 [ M ] , D A T A 1 0 [ M ] , 
D A T A 1 1 [ M ] , D A T A 1 2 [ M ] , D A T A 1 3 [ M ] ] ) 
CL0SE (CARD,RELEASE) 














I + D A T A 1 3 [ M M ] 
L4DL 
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F0R M4l STEP 1 UNTIL N D0 BEGIN TR[M]4TR0 















F0R M-«-l STEP 1 UNTIL N+1 D0 F [ M ] 4 ( M - 1 ) xDR ; 
PRN4-VIS0XCP0/KT0 ; 
UM4.RENxVISO/(DIAxRH0Ox36OO.O) ; 
I F SGN / 0 THEN 
F R N ^ S G N X U M X U M / ( 3 2 < , 1 7 X D I A ) ; 
P E N * P R N / D L } 




F0R M4-1 STEP 1 UNTIL N+1 D0 BEGIN C P [ M ] 4 F C P ( M , C P O , T R ) J 
K T [ M ] - < - F K T ( M , K T 0 , T R ) ; 
VIS[M>FVIS(M,VISO,TR) ; 
RH0[M>RH01 [M]-*-FRH0 (M, RH0O,TR) ; 
END J 
DKT*0.0 J 
I F X=0 THEN BEGIN F0R M*1 STEP 1 UNTIL N D0 U 1 [ M > 2 . 0 X ( 1 . 0 - 4 X F [ M ] X F [ M ] ) ; 
FRCTNK-8,0 ; 
G0 TjZ5 NXTSTP ; 
END ; 
F0R M*1 STEP I UNTIL N D0 BEGIN U 1 [ M > U [ M > 1 . 0 J 
V 1 [ M > V [ M > 0 . 0 ; 
END ; 
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COMMENT SECTION ( i l l ) 
NXTSTP: PEN'*-PRN/L 
CRRCT: 
F0R M-«-l STEP 1 UNTIL N+1 00 BEGIN G[M]-»-RH0[M]XCP[M]XPRNXU1[M]/DL 
H [ M > 2 X K T [ M ] / ( D R X D R ) 
W[M>RH0[M]xCP[M]xpRNxVl[M]/(2xDR) 
END 
IF Z=0 THEN 
IF J=l THEN H [ N + 1 > H [ N - 1 ] 
CFFCNTS(N,DR,G,H,W,F,A,B,C) 
F0R M*1 STEP 1 UNTIL N E0 D [ M > G [ M ] X T 1 [ M ] 
D[N]*D[N]-B[N]xr[N+l] 







F0R M4-1 STEP 1 UNTIL N D0 TR[M]4T[M]X(TRW-TRO)+TRO 







T [ N + 1 > 1 . 0 
T R [ N + 2 > T [ N + 2 ] X ( T R W - T R D ) + T R 0 
KT[N+2]4 .FKT(N+2 ,KT0 ,TR) 
DKT-<-(3XKT[N+1]-4XKT[N]+KT[N-1] ) / (4XKT[N+1]XDRXDR) 
COMMENT SECTION (IV) 
F0R M*1 STEP 1 UNTIL N+1 D0 BEGIN G [ M > R H 0 [ M ] X U 1 [ M ] / D L 
H [ M > 2 X V I S [ M ] / ( D R X D R ) 
W[M]4.RH0[M]XV1[M]/(2XDR) 
E [ M > - 1 . 0 / D L 
END 
CFFCNTS(N,DR,G,H,W,F,A,B,C) 
l ^ l 










G0 T0 CYCL 
RDVL: V [ 1 > 0 , 0 
V [ 2 > - ( D R / ( 4 X D L ) ) X ( U [ 2 ] - R H 0 1 [ 2 ] X U 1 [ 2 ] / R H 0 [ 2 ] + R H 0 [ 1 ] X U [ 1 ] / R H 0 [ 2 ] -
R H 0 1 [ 1 ] X U I [ 1 ] / R H 0 [ 2 ] ) 
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F0R M4-2 STEP 1 UNTIL N D0 V[M+1>F[M]XRH0[M]XV[M] / (F[M+1]XRH|^[M+1] ) -
(DR/ (2XDL))X(U[M+1] -RH01[M+1]XU1[M+1] /RH0[M+1]+F[M]XRH0[M]XU[M] / (F[M+ 
1 ] X R H 0 [ M + 1 ] ) - F [ M ] X R H 0 1 [ M ] X U I [ M ] / ( F [ M + 1 ] X R H 0 [ M + 1 ] ) ) 
IF Z=0 THEN BEGIN 
J4-J+1 
IF J<3 THEN BEGIN F0R M<-1 STEP I UNTIL N D0 V 1 [ M > V [ M ] 
G0 T0 CRRCT 
END 
IF X/O THEN 
FOR M4-1 STEP 1 UNTIL N 00 V [ M > V [ M ] / 2 O O 
END 
COMMENT SECTI0N (V) 
F0R M l̂ STEP 1 UNTIL N+1 D0 BEGIN URH0[M]*RH0[M]XU[M] 
PENL[M]*PEN XCP[M]/KT[M] 
H [ M > U [ M ] X ( T [ M ] + ( C 1 X ( T R W - T R 0 ) / ( 2 X C P 0 ) ) X T [ M ] X T [ M ] ) 
END 
NTGRL(N,DR,RH0,H,F,HM) 




F0R M4l STEP 1 UNTIL N+1 00 H[M]*1.0 
NTGRL(N,DR,RHO,H,F,ID) 
PG4.PG+THETAX4. OXDLX( ID+IDl) 
H [ l ] 4 . ( U l [ l ] x ( u [ l ] - U l [ l ] ) ) / D L 






F R C T N 4 - V I S W X ( ( 3 X U [ N + 1 ] - 4 X U [ N ] + U [ N - 1 ] ) / ( 2 X D R ) ) 

























F0R M*1 STEP N DIV 20 UNTIL N-(N DIV 20)+l,N D0 




IF Z=0 THEN DL4.DL0 
IF Z>0 THEN 
IF ((ABS((TM-TM1)/TM1)<0.05) AND (TWK0.6)) 0R ((ABS((TM-TMl)/TM1)<0.005) 
AND (TM>0.6)) THEN 
DUloSXDL 
IF L>(lO.O*(S-4)) THEN BEGIN S^S+l 
IF N>20 THEN BEGIN N̂ N DIV 2 
DR4-0.5/N 













F [ M ] * ( M - I ) X D R 













IF (U[l]<0.0) 0R (U[N] <0.0) THEN G^ T^ EXIT 
IF PEN >5.0 THEN BEGIN Z*Z+1 
L*L+DL 






































EMPIRICAL PROPERTY EQUATIONS 
This appendix contains the empirical equations used to describe 
the physical properties of the fluids studied. The equations for air, 
helium, water, and oil A are the same as those used by Lee. However, 
one of the constants in the equation for the viscosity of helium 
appeared to be a typographical error and had to be empirically adjusted. 
The data for n-octane was taken from references (51) and (52). It was 
fitted by the equations given. In selecting materials for study, primary 
emphasis was placed on accurate density and viscosity data due to the 
relative importance of these properties. The equations fit the data 




p' « 67.70978 - 2o22667 x lO"^' (ib/ft^, ©R) 
c' = 0.15780 + 5.31579 x lO"^!' (Btu/lb-OR, OR) 
k' = 0.085994 - 2.19474 x 10"^T' (Btu/ft-hr-OR, oR) 
j i ' »= 1.6274 X 1 0 ' ^ exp(4.9202 x l O ^ T ' ) + 
2,4605 x 10'-^^ e x p ( l . 3 6 2 4 x l o V T ' ) ( i b / f t - s e c , ©R) 
p ' ' 46.85311 + 6.55268 x l O " ^ ' - 6 . 8 7 5 x 10"^T'^ ( i b / f t ^ , «>R) 
c ' = 1.000 (B tu / lb - OR) 
k ' »= -0.49958 + 2.58911 x l O ' ^ ' - 1 . 8 7 5 x l O ' ^ ' ^ (Btu/ f t -hr-OR, oR) 
- 120 ( p o i s e s , OC) —• = 2.1482 
p. 
(T ' - 8.435) + y 8 0 7 8 . 4 + ( T ' - 8 . 4 3 5 ) ^ 
n-Octane 
p ' = 56.911107 - 2.088306 x l O " ^ ' - 7 . 1 9 5 1 7 3 8 x 10""^T'^ ( i b / f t ^ , °R) 
c ' - 0.3234 « 3.80 X lO'^^T' (Btu/lb-OR, oR) 
k ' = 0.083 - 0 .313 X l O ' ^ ^ d ' - 545.59) • (Btu/ f t -hr -OR, oR) 
p.' = exp(-5.818039 + 4.7222354 x l O ^ T ' - 1.61711622 x l O ^ T ' ^ 
+ 3 . 0 4 9 1 1 5 1 x 1 0 ^ / 1 ' ^ ) ( I b / f t - h r , OR) 
* (2) 
This oil was used by Martinelli et al. in their experiments, 
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Air 
p' « 39.667215/T' (ib/ft^, oR) 
c' « 0.22369358 - 2.6278162 x 10"^T' (Btu/lb-OR) 
P 
k' « 1.002167 X 10'^ + 2.8649806 x 10"^T' - 4,2876644 x lO'^T' 
(Btu/ft-hr-OR, OR) 
vl.5 
(T' + 198,74) 
. 2,63142 X lO'^CT')^'^ n^^/^+ Kr. oo\ 
P' " /T» 4. toQ 7.i\̂  (Ib/ft-hr, OR) 
Helium 
p' « 5.468830/T' (ib/ft^, oR) 
c' « 1.242 (Btii/lb-OR) 
k* « 0.03383724 » 1.0399225 x 10'\' - 1.25 x lO"^'^ (Btu/ft-hr-OR,oR) 
2 . 6 3 1 4 2 X l O ' ^ ( T ' ) ^ ' ^ M K / 4 ^ + K ^ ODN 
^ ' (T' +131,255 ( Ib / f t -h r , OR) 
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APPENDIX D 
CALCULATED CONSTANT PROPERTY 
FLUID FLOW AND HEAT TRANSFER RESULTS 
This appendix contains the numerical values from which Figures 
2, 6, 8, 9, and 10 were constructed along with additional similar 
calculations which were not convenient to include in the above figures. 
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Table 4. Constant Property Axial Velocity Calculations 
Entrance Profiles Uniform 
r ' / R 1 
(t^)^^^' 0 0 .2 0.4 0 ,6 0 ,7 0 .8 0 ,9 0,95 
0.0020 1.033 1.033 1,033 1,033 1.033 1.033 1,033 1.033 
0.0050 1.052 1.052 1.052 1,052 1.052 1.052 1,051 0.935 
0.0100 1.071 1,071 1,071 1,071 1,071 1.071 0,805 0.805 
0.0147 1,083 1,038 1.038 1,038 1.038 1,038 1.043 0.731 
0.207 1.098 1.098 1,098 1,098 1.098 1,097 1.014 0.658 
0.0247 1.106 1.106 1.106 1,106 1,106 1,055 0.999 0,623 
0.0497 1.146 1,146 1.146 1,146 1,146 1.131 0.872 0,499 
0.1037 1.205 1.205 1.205 1,205 1,198 1.112 0.731 0.398 
0.3037 1.339 1.339 1.338 1,308 1,215 0,980 0.565 0.298 
0 . 6 0 7 7 1.470 1,469 1.455 1.337 1.166 0 , 8 8 4 0 . 4 9 0 0 . 2 5 6 
0.7997 1.535 1.532 1.502 1.335 1,141 0,851 0.466 0.243 
1.0237 1.601 1,593 1.540 1.330 1,119 0,824 0.448 0.233 
1.4077 1,690 1.672 1,581 lo319 1,091 0,793 0.427 0.221 
1.7277 1.749 1.722 1.604 1,311 1,075 0.776 0.416 0.215 
2.1117 1,805 1.767 1.623 1,304 1,062 0.762 0.407 0.210 
2,4957 1,847 1,801 1.636 1,298 1,052 0.752 0.401 0.207 
3.0077 1,890 1.834 1.648 1.293 1,042 0,742 0.394 0.203 
3.5197 1.919 1,857 1.656 1.289 1,036 0.736 0.390 0.201 
4,0317 1.940 1,873 1,662 1,286 1.031 0,731 0.387 0.199 
4.5437 1.955 1,885 1,667 1,284 1.028 0,728 0.385 0.198 
5.0557 1.967 1,894 1,670 1,282 1,025 0,726 0.384 0.197 
6.0791 1,981 1,905 1,673 1.281 1.022 0c723 0.382 0.196 
7.1037 1.989 1.911 1.676 1.280 1,021 0,721 0.380 0.196 
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Table 5, Constant Property Heat Transfer Calculations 
Entrance Profile: Parabolic 


















































Table 6. Constant Property Heat Transfer Calculations 
Entrance Profile: Uniform 
Prandtl Number: 0.1 
Pe/z* Nu NU^^ T^ 
10000 78.8 84.3 0.0331 
5000 33.9 63.8 0,0497 
2000 20.9 41.3 0.0792 
1000 15.3 29.4 0.1111 
690 13.0 24.7 0.1333 
339 9.65 17.7 0.1887 
202 7.85 14.0 0.2427 
101 6.10 10.4 0.3388 
58.3 5.18 8.35 0.4362 
21.0 4.27 5.88 0.6735 
10.1 4.00 4.91 0.8563 
4.97 3.81 4.29 0,9684 
Table 7, Constant Property Heat Transfer Calculations 
Entrance Profile: Uniform 
Prandtl Number: 0.7 
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Table 8. Constant Property Heat Transfer Calculations 
Entrance Profile: Uniform 
Prandtl Number: 1 
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Table 9. Constant Property Heat Transfer Calculations 
Entrance Profile; Uniform 
Prandtl Number: 5 
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Table 10. Constant Property Heat Transfer Calculations 
Entrance Profile: Uniform 
Prandtl Number: 10 










































Table 11. Constant Property Heat Transfer Calculations 
Entrance Profile: Uniform 
Prandtl Number: 100 



























































COMPARISON CONDITIONS AND COMPARISON RESULTS 
Tables 12, 13, and 14 of this appendix give the flow and thermal 
conditions of the fluids which were compared for correlation purposes. 
These conditions were used for both parabolic and uniform entrance velocity 
cases. Additional comparisons used to justify the correlation scheme are 
shown in Figures 40 through 61. 
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Table 12. Conditions for Variable Property Comparison* 
Calculations for Water 
Fc '̂r T' OR 
0* 
T*, OR Pr Re/Fr 
Water 200 2.5 540.0 640.4 5.90 -7.52 X 10^ 
200 2.5 573.0 699.1 3,92 -4.52 X 103 I 
200 2.5 556.0 667,8 4,78 -5.82 X 103 i 
0.1 3.4 540,0 691.0 5,90 -2.10 
400 3.4 540o0 691.0 5.90 -8.45 X 10^ 
-100 2 540.0 610.0 5.90 6.50 X 10^ 
0.1 2 540.0 610,0 5.90 -6.50 * 
200 2 540.0 610.0 5.90 -1.30 X lo-* ; 
800 2 540,0 610.0 5.90 -5.21 X 10" 1 
0.1 2 506.4 559.0 10.0 -15.3 1 
A I 
^°2 \ 
400 2 506.4 559.0 10.0 -6,14 X 
800 2 506.4 559.0 10.0 -1.23 X 1 0 ^ I 
0.1 2 552.3 630.0 5.00 -5.03 I 
200 2 552,3 630,0 5.00 -1.00 X 10^ 
400 2 552.3 630.0 5.00 -2,00 X 10^ 
800 2 552,3 630,0 5.00 -4.01 X io4 ; 
0.1 0.5 610.0 540.0 2.73 6.51 
200 0.5 610,0 540.0 2.73 1,3 X 10^ I 
800 0.5 610.0 540.0 2.73 5.21 X 10^ , 
> 
{ 
Various of the values in this table were used with pseudo Prandtl 
numbers as explained in the text. 
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Table 13., Conditions for Variable Property Comparison 
Calculations for Air, Helium, n-Octane 
Fc 




1 Air Oa 
] 2 0 0 
lc5 1000.0 565,0 0.684 1,80 X 10'"̂  
1.5 1000.0 565,0 0.684 3.60 X 102 
800 1.5 1000.0 565.0 0.684 1,44 X 103 
0.1 0.667 500,0 734,0 0,699 -1,85 X 10-1 
200 0,667 500.0 734,0 0.699 -3,71 X 102 
800 0.667 500.0 734.0 0.699 -1.48 X 10^ 
Helium 0.1 1,5 1460.0 752.0 0.721 1.56 X 10-1 
200 1,5 1460,0 752,0 0,721 3.13 X 102 
1 800 1,5 1460.0 752.0 0,721 1,24 X 10^ 
0,1 0.667 752,0 1460,0 0,727 -1.56 X 10-1 
200 0o667 752,0 1460,0 0,727 -3,12 X 102 
800 0.667 752.0 1460,0 0.727 -1.25 X 103 
n-Octane 0.1 10 392,0 713.0 28.0 -4.65 X 10-1 
800 10 392.0 713,0 28.0 -3.72 X 10^ 
0.1 2.0 497.6 609,7 10.0 -1.34 X 10-1 
800 2c0 497.6 609.7 10.0 -1.07 X 10^ 
0.1 0,5 641,9 518.8 5,0 1.18 
800 0,5 641.9 518,8 5,0 9.44 X 10^ 
0,1 0.1 713.0 392,0 4.0 4.65 X 10-1 
800 0.1 713.0 392,0 4.0 3.72 X 10^ 
Various of the values in this table were used with pseudo Prandtl 
numbers as explained in the text. 
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Table 14. Conditions for Variable Property Compari son 
Calcul ations for Oil A 
Fc V' T', OR 
o' 
T', OR Pr Re/Fr 
Oil A 0.1 10 550.0 671.0 583 -2.00 
10^ 800 10 550,0 671.0 583 -1.61 X 
0.1 5 540,0 602.6 800 -3.92 
0.1 5 565.0 649.2 384 -3.07 
0.1 5 589.0 700.3 324 -2.20 
0.1 3.4 610,0 701.0 153 -2.62 I 
400 3.4 610.0 701,0 153 -1.05 X 10^ 
-100 2.0 550.0 575.0 583 9.90 X 103 1 
0.1 2.0 550.0 575,0 583 -9.90 
200 2.0 550.0 575.0 583 -1,98 X ^̂1 800 2.0 550,0 575,0 583 -7.94 X 10^ 
0.1 0.5 575.0 550.0 302 9.90 4 
10 200 0,5 575.0 550.0 302 1.98 X 
800 0.5 575.0 550.0 302 7.94 X 10^ 
0.1 0.1 671.0 550.0 68.9 2.00 
800 0.1 671,0 550.0 68.9 1.61 X 10" i 
1 
1 
Various of the values in this table were used with pseudo Prandtl 
numbers as explained in the text. 
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VARIABLE PROPERTY FRICTION FACTOR CORRELATIONS 
Correlated friction factor results are presented in graphical form 
in this appendix in Figures 62 through 69* The data included both liquids 
and gases and the parabolic and uniform entrance velocity profile cases 
for negligible free convectiono Air was the correlating fluid for gases 
and oil A was used as the correlating fluid for liquids. 
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APPENDIX G 
VARIABLE PROPERTY HEAT-TRANSFER CORRELATIONS 
In this appendix correlated results for T„ and Nu are pre-
sented for both parabolic entrance profile and uniform entrance profile 
cases for gases and liquids for a wide range of p. and Fc. Air was 
the correlating fluid for gases and oil A was the correlating fluid 
for liquids. 
Table 15o Variable Property Mean Temperature and Local 
Nusselt Number Calculations for Liquids 
Entrance Profile: Parabolic 
Viscosity Ratio: 0,1 
183 
Fc Pe/z T M Nu 
10479 0.0100 16,6 
6253 0,0139 13.9 
3207 0.0214 11.1 
1360 0.0372 8.34 
633 0,0608 6.54 
324 0,0932 5.37 
146 0.155 4.34 
66 .8 0o252 3.66 
24,2 0.462 3.21 
10c3 0o714 3,26 
3,96 0,959 3,58 
10337 0.0107 17,5 
6214 0,0148 14.9 
3682 0.0208 12.6 
1603 0.0357 9.70 
703 0.0611 7,55 
340 0.0979 6,12 
128 0.183 4.71 
63.4 0.282 4.00 
30o9 0.429 3.52 
12,8 0,674 3.34 
3.95 0.964 3.60 
10612 0.0108 18.6 
6025 0.0156 15.6 
3309 0.0232 13.0 
1455 0.0399 10.2 
771 0.0608 8.44 
338.8 0.104 6.70 
143.1 0.182 5.34 
63 .8 0.300 4.41 
30,9 0.455 3.80 
12.4 0.707 3.46 
3.97 0.967 3.61 






10365 0,0115 20,0 
5943 0,0167 17,0 
3283 0.0248 14.4 
1450 0,0432 11,4 
768 0.0664 9.55 
338 0.115 7.79 
122 0.224 6.04 
6 0 . 0 0,347 5.18 
3 1 . 3 0.498 4.41 
1 2 , 4 0.749 3.67 
3 , 88 0.975 3,63 
10500 0.00999 15.1 
6058 0.0139 12.4 
3519 0,0194 10.1 
1556 0.0321 7.53 
756 0.0501 5,88 
341 0.0821 4.65 
129 0.151 3.72 
6 0 . 0 0,246 3.26 
3 0 , 2 0,377 3.03 
1 2 . 1 0.638 3.10 
3 . 98 0.953 3.56 
Table 16. Variable Property Mean Temperature and Local 
Nusselt Number Calculations for Liquids 
Entrance Prof i le : Parabolic 











±0.1 10132 O0OI21 20,4 800 10068 0.0141 25.5 
6133 0,0168 17.2 6265 0,0196 22.2 
3180 0c0258 13,7 3555 0,0290 18,9 
1460 0.0426 10,6 1450 0.0540 14.8 
672 0o0700 8.17 702 0.0890 12.3 
313 0.114 6.43 342 0.146 10,4 
152 0ol78 5,23 150 0.252 8.80 
67.9 0o290 4,27 96.4 0.335 8.23 
24„8 0c512 3,66 
10.3 0.773 3.58 -200 10754 0.0112 18.7 
4.78 0.950 3,64 5748 0,0165 14.7 
3320 0.0231 11.8 
200 10222 0,0127 22,1 1477 0.0378 8.54 
5903 0.0183 18,5 717 0.0585 6.42 
3277 0.0270 15,4 342 0,0911 4.98 
1454 0.0463 12.0 125 0.168 3.88 
703 0.0749 9,62 61.1 0.261 3.42 
331 0.122 7,76 29.7 0.405 3.18 
119 0,235 5.90 12o3 0.664 3.26 
61.6 0,348 5.07 4.54 0,943 3.58 
28.0 0,535 4,32 
12.2 0c769 3,86 
4.4b 0,969 3.68 
400 10221 0.0132 23,4 
6325 0.0182 20,2 
3277 0.0284 16,6 
1586 0,0464 13.4 
703 0.0804 10.7 
342 0,130 8.80 
133 0.240 7.01 
59.9 0,389 5.94 
29.5 0.567 5,04 
12.4 0c801 4.10 
4,38 0.976 3.70 
Table 17. Variable Property Mean Temperature and Local 
Nusselt Number Calculations for Liquids 
Entrance Profile: Parabolic 
Viscosity Ratio: 1 
185 
Fc Pe^/z* T ̂M Nu Fc 'P^M/^ T 
Nu 
±0.1 10359 0,0130 22,7 800 10679 0,0151 29.9 
6254 0,0181 19,1 6118 0.0224 25.4 
3193 0,0280 15.1 3020 0.0368 20.7 
1484 0,0460 11,6 1448 0.0614 16.9 
628 0,0797 8,72 648 0.107 13.7 
309 0,124 6,92 312 0.176 11.6 
140 0,203 5,44 152 0.284 10.2 
65,7 0,318 4.46 
30o3 0,490 3,88 -100 10771 0.0122 21.5 
10,3 0,801 3,67 6401 0.0170 17.7 
5.46 0.942 3,66 3230 0.0263 13,8 
1456 0,0433 10.2 
200 10202 0,0139 24,9 653 0.0710 7.63 
6197 0,0195 21.2 315 0.111 5.94 
3038 0,0315 16.9 105 0.216 4.30 
1450 0,0517 13,4 62,4 0,294 3.83 
647 0.0882 10.5 23,9 0.511 3.42 
322 0,139 8,58 10.4 0.767 3.48 
150 0,226 6,97 5,49 0,930 3.60 
65o5 0.372 5o73 
26,2 0,603 4,70 
10,4 0,850 3,96 
5.48 0,959 3,74 
400 10071 0,0147 26,6 
6149 0,0207 22,8 
3026 0,0336 18,4 
1448 0,0555 14,8 
697 0,0911 12,0 
312 0,156 9,71 
121 0,286 7,84 
58,2 0,444 6,82 
20,8 0,725 5,12 
10,2 0,888 4,14 
5,35 0,970 3,77 
Table 18. Variable Property Mean Temperature and Local 
Nusselt Number Calculations for Liquids 
Entrance Profile: Parabolic 
Viscosity Ratio: 2 
186 
Fc V̂̂ ' T M Nu Fc Pew/z T Nu 
±0.1 10848 0.0144 26.5 800 10571 0.0173 34.7 
6430 0.0203 22.1 6078 0,0257 29.4 
3005 0.0330 16,8 3005 0.0423 24.0 
1499 0.0514 13.1 1550 0.0670 19.9 
689 0.0836 9.92 750 0.110 16.5 







224 0.250 12.9 
30.3 0c508 4o03 -100 10994 0.0136 25.0 
14.9 0.704 3.78 5914 0.0202 19.6 






200 10668 0.0154 29.3 746 0.0715 8.43 
6109 0.0224 24.4 349 - 0.111 6.22 
3012 0.0361 19.4 58,7 0.307 3.67 
1552 0.0561 15.7 29.6 0.450 3.35 












































Table 19. Variable Property Mean Temperature and Local 
Nusselt Number Calculations for Liquids 
Entrance Prof i le : Parabolic 
Viscosity Ratio: 5 
187 
Fc PV^* T M Ny Fc Pe^/z* T ̂M Nu 
±0.1 10848 0,0171 31.7 800 10493 0.0207 41.8 
6437 0.0240 26.1 6060 0.0307 35.3 
3013 0o0386 19o6 3008 0.0502 28.6 
1505 0.0595 14,9 1557 0.0792 23.8 







370 0.211 17.1 
62.0 0.372 4,82 -100 10904 0.0162 29.7 
26.9 0.564 4,08 7122 0.0212 24.8 
12.1 0.783 3.80 3492 0.0328 18.1 





























































Table 20, Variable Property Mean Temperature and Local 
Nusselt Number Calculations for Liquids 
Entrance Profile: Parabolic 
Viscosity Ratio: 10 
188 
Fc PV^' T M Nu Fc T Nu 
±0.1 10420 0,0200 35,5 800 10421 0.0237 47 .6 
6292 0.0276 29,0 6047 0.0350 40 .1 
3104 0.0426 22.0 3016 0.0570 32.5 
1486 0.0668 16,0 1457 0.0940 26.5 







515 0.191 20.9 
65.8 0,377 4 .98 -100 10550 0.0188 33.0 
3 0 . 2 0 . 5 5 0 4 , 2 1 6144 0 . 0 2 6 2 2 5 . 7 
12.4 0,788 3,83 3209 0.0383 18 .5 

















































Table 2 1 . Variable Proper ty Mean Temperature and Local 
Nysse l t Number Ca l cu l a t i ons for Liquids 
Entrance P r o f i l e : Pa rabo l i c 
V i scos i t y Ra t io : 20 




10338 0.0229 39,5 
6115 0.0317 31.4 
3072 0.0476 23.9 
1486 0.0726 16.8 
693 0.113 12.0 
148 0o259 6.52 
64.2 0,395 5.00 
32.3 0.548 4,30 
10.4 0o843 3.81 
6.12 0.943 3,71 
10368 0.0243 43,8 
6099 0.0344 36.1 
3176 0.0523 28.6 
1574 0.0818 22,5 
720 0.134 17.7 
347 0.213 14.7 
122 0.410 12,9 
10542 0.0249 48.1 
6481 0,0347 40.7 
3131 0.0566 31,9 
1492 0.0924 25,3 
747 0,145 21,0 
342 0.243 18,0 
270 0,284 17,4 
-100 10906 0.0206 35.7 
6272 0.0287 27.8 
3142 0.0418 18.3 
1757 0.0528 10.8 
Table 22. Variable Property Mean Temperature and Local 
Nusselt Number Calculations for Gases 
Entrance Profile: Parabolic 




^ / * 
Nu Fc P®|u/̂  T 
M 
Nu 
±0.1 7551 0.0217 28,5 800 6446 0.0248 27.5 
2825 0.0398 18,2 2818 0.0417 19.7 
1389 0,0609 14.0 1349 0.0655 15.2 
i 
791.1 0o0848 11.4 774.1 0.0915 12.6 
380.1 0,129 8.72 358.7 0.144 9.69 
106.6 0,259 5,57 102,5 0.289 6.45 
59.11 0.350 4.63 53.55 0.403 5.37 
26.36 0.515 3.83 25.38 0.570 4.46 
12.92 0o698 3,58 12.39 0.756 3.88 
2.08 0,997 3.65 2.18 0.997 3.65 
200 6781 0.0234 27.0 -100 6784 0.0231 26.4 
2823 0,0403 18,6 2826 0.0395 18.0 
1414 0,0611 14.4 1390 0.0604 13.8 
798.8 0,0857 11.8 791.8 0.0841 11.2 
366.7 0.135 8,90 380.7 0,128 8.58 
104.8 0.267 5.76 106.9 0.256 5.47 
54„94 0.372 4.72 55.92 0.356 4.47 
26.05 0.529 3.96 26.46 0.509 3.76 
< 12.88 0,712 3.66 12.33 0.707 3.54 
2.10 0.998 3,65 2.12 0.997 3.65 






























Table 23. Variable Property Mean Temperature and Local 
Nusselt Number Calculations for Gases 
Entrance Profile: Parabolic 
Viscosity Ratio: 0.75 
191 
1 
: f= P V ^ ' 




= ±0.1 8179 0.0163 27.4 800 7720 0.0178 28.2 
4507 0.0248 19.2 4468 0.0265 21.4-
2512 0.0362 15,3 2615 0.0380 17.6 
1365 0.0532 12,3 1364 0.0582 14.3 
662,2 0.0834 9.58 663,5 0.0934 11.5 
268.0 Ool44 7.07 252,9 0.173 8.83 
126.1 0.225 5.57 122,4 0.272 7.50 
61.75 Oc335 4.56 58.86 0,420 6.79 
21.80 0.568 3.76 21.68 0.691 5.43 
10.37 0.776 3.63 10.57 0.866 4.22 
3.89 0.973 3.65 3.34 0.992 3.68 
200 7722 0.0173 26.5 -100 7723 0.0170 25.7 
' 4507 0.0252 19,8 4508 0.0246 18.9 
2769 0.0347 16.4 2678 0.0343 15.4 
1364 0.0545 12,9 1342 0.0530 11.9 
626o0 0o0891 9.92 644,9 0.0834 9.22 
256.8 0.154 7.48 260.7 0.144 6.75 
! 120.8 0,241 5.99 122.2 0.223 5.27 
60ol4 0.358 5o02 60.86 0,329 4.32 
23.51 0.576 4.22 23,85 0.531 3.61 
8.88 0o841 3.80 10,37 0.763 3.51 
3.71 0,981 3.67 3.56 0.979 3.64 
1 400 7721 0.0174 27.1 
4470 0.0257 20.3 
2579 0,0370 16,5 
j 1337 0.0566 13.2 
660.7 0.0888 10.6 
259.2 0.160 7,96 
124.6 0.249 6.52 
57.74 0.386 5,50 
21.64 0,633 4,65 




Table 24. Variable Property Mean Temperature and Loeal 
Nusselt Number Calculations for Gases 
Entrance Profile: Parabolic 
Viscosity Ratio: 1 
192 
Fe Pt M/^ M Hu Fc Pe M/= M Nu 
1 
±0.1 7545 
0,0222 29,6 800 7537 0,0231 31.6 
4401 0.0313 22.6 3219 0,0399 21.9 
i 2510 0.0440 18.1 1569 0.0623 17.0 
1 1265 0,0664 14.1 945.9 0.0848 14.3 
584.0 0.105 10,6 530.3 0,120 11.8 
225o0 0.179 7,54 161o9 0.237 8,04 
98ol0 0.279 5.66 77.34 0,352 6.52 
43.30 0.419 4.41 38,15 0.501 5,59 
1 15.40 0.666 3,78 17.33 0.702 4,60 
7.12 0.873 3.73 9,55 0,852 4.07 
2.12 0.996 3o 66 2o71 0,995 3,67 
200 7543 0.0225 30,1 -100 7547 0,0221 29.3 
4632 0.0307 23o6 2969 0,0395 19.1 
2090 0.0500 17.4 1470 0,0602 14.7 
939.6 0.0807 13,1 878,1 0.0815 12.1 
369.3 0.139 9,37 429,3 0.123 9.32 
136.9 0.241 6.65 122.2 0.245 5,94 
50.00 0,403 4.88 62,60 0.345 4.79 
20.60 0.605 4.07 28.18 0.506 8.95 
8.13 0,852 3,81 12.93 0.707 3,68 
2.20 0.997 3.66 7.39 0.859 3.70 
2.10 0.998 3.65 
400 7541 0.0227 30.6 
4397 0.0321 23.6 
2562 0.0440 19.2 
1276 0,0680 15.0 
604.1 0.106 11,6 
221,7 0.190 8,17 
102.5 0.288 6,35 
45,62 0,433 5.05 
14.80 0.709 4.11 
6.98 0.896 3.83 
2.17 0,997 3.66 
193 
Table 25o Variable Property Mean Temperature and Local 
Nusselt Number Calculations for Gases 
Entrance Profile: Parabolic 
Viscosity Ratio: 1.5 
Fc P e / z * T 
M 
Nu Fc P e / z * T 
M̂ 
Ny 
±0ol 6541 0 .0134 2 1 . 6 800 2774 0 , 0 2 9 0 1 7 . 0 
2718 0 , 0 2 6 9 1 3 , 7 1415 0 . 0 4 8 6 1 3 . 7 
1352 0 . 0 4 3 7 1 0 , 5 6 9 9 , 1 0 . 0 8 1 3 1 1 . 3 
694 o 2 0 , 0 6 8 0 8 . 3 2 2 9 0 . 5 0 . 1 5 3 9 . 3 3 
2 8 0 , 8 0 , 1 2 2 6 , 2 0 1 5 0 . 0 0 . 2 4 7 8 , 6 8 
1 4 5 . 2 0 , 1 8 5 5 .11 7 5 , 6 3 0 . 4 1 4 9 . 3 7 
7 1 , 7 7 
3 2 , 4 8 
0 , 2 8 8 
0 . 4 6 6 
4 , 3 0 
3 . 8 1 
5 9 , 6 6 0 . 4 9 9 1 0 . 5 
1 6 . 9 8 0 , 6 6 4 3 ,71 -100 6541 0 ,0134 2 1 , 1 
7 , 2 4 0 , 9 0 8 3 . 6 8 2652 
1365 
0 , 0 2 6 9 
0 , 0 4 2 3 
1 3 . 1 
1 0 . 1 
200 4511 0 , 0 1 8 7 1 8 . 2 6 4 8 . 6 0 . 0 6 8 5 7 , 6 2 
2759 0 , 0 2 7 4 1 4 , 7 285 oO 0 , 1 1 5 8 ,54 
1334 0 . 0 4 6 1 1 1 , 3 1 4 5 . 8 0 , 1 7 3 4 . 5 3 
6 9 8 , 6 0o0719 9 . 2 2 7 3 , 3 9 0 , 2 6 1 3 . 6 7 
2 8 0 , 8 0 , 1 3 3 7 ,14 3 0 , 6 5 0 . 4 3 2 3 . 0 0 
1 4 5 , 0 0 . 2 0 7 6 ,16 1 6 , 5 5 0 , 6 0 1 2 , 8 5 
7 4 . 9 2 
3 3 . 0 4 
1 8 , 4 1 
7 , 2 9 
0 , 3 2 2 
0 , 5 5 4 
0 . 7 6 9 
0 . 9 6 1 
5 , 6 4 
5 . 9 6 
6 , 1 3 
4 . 3 4 




6 7 4 . 6 
2 7 7 , 6 
1 4 6 . 6 
7 5 . 5 2 
4 0 , 5 8 
0 , 0 1 3 5 
0 , 0 2 8 5 
0 , 0 4 7 8 
0 , 0 7 7 3 
0 , 1 4 3 
0 , 2 2 3 
0 , 3 5 5 
0 , 5 5 7 
2 3 , 5 
1 5 , 4 
12ol 
9 , 8 8 
7 . 9 2 
7 , 0 9 
6 ,91 
8 . 2 5 
194 
Table 26. Variable Property Mean Temperature and Local 
Nusselt Number Calculations for Gases 
Entrance Profile: Parabolic 
Viscosity Ratio: 2 
Fc 
/ * P e / z T M m Fc 
/ * T M̂ m 
±0.1 3318 0.0213 15 .8 800 3350 0.0225 20.0 
1145 0.0461 9.96 1134 0.0541 13.4 
559 cO 0.0745 7.62 572,0 0.0906 11.1 
263.2 0.122 5.93 267,2 0.159 9.56 







61.55 0.514 11.9 
14.25 0,730 3.71 -100 3260 0,0214 15.0 






200 3329 0.0218 17,0 251.2 0.117 5,13 






































Table 27. Var iable Proper ty Mean Temperature and Local 
Nusse l t Number C a l c u l a t i o n s for Liquids 
Entrance P r o f i l e : Uniform 
V i s c o s i t y Ra t io : 0 ,1 
P rand t l Number: 1 
195 
Fe P^M/Z M' M 
Ny FG PV^ M iJu 
±0.1 3045 0.0544 13.1 800 3045 0.0547 14.3 
1117 0,0804 9.09 1174 0.0803 10,6 
479.6 0,116 6,78 505,9 0.119 8,31 
214.9 0.169 5o20 210,1 0.186 6.56 
100.2 0.247 4,14 94,16 0.287 5.45 
38,48 0,398 3.35 37.07 0.468 4.59 
20.10 0,547 3,16 18,74 0.644 3.96 
8.99 0,778 3,31 8.65 0.845 3.60 
3,93 0.963 3,59 3.93 0.975 3.63 
200 3045 0,0544 13,4 -200 3045 0.0543 12.8 
1174 0.0790 9.61 1117 0.0799 8.71 
489,9 0.116 7.20 457.9 0.117 6.29 
216,9 0,172 5.58 204.0 0.170 4.75 
100,5 0,254 4.48 102.5 0.237 3.85 
38.41 0,414 3,62 38,93 0.382 3.11 
20,02 0.568 3.36 20,28 0.527 2.97 
8.97 0,794 3o39 8.56 0.777 3.24 
3o81 0.970 3o61 3.99 0.956 3,57 
400 3045 0.0545 13.7 
1174 0.0794 9,96 
506,2 0.116 7.64 
210.5 0,178 5.88 
98.93 0.264 4,80 
38.06 0.431 3.92 
19.11 0.599 3,66 
8,75 0.816 3.47 
3,87 0,971 3,61 
Table 28. Variable Property Mean Temperature and Local 
Nusselt Number Calculations for Liquids 
Entrance Profile: Uniform 
Viscosity Ratio: 0.5 
Prandtl Number: 1 
196 
/ * » 
Fc PV" T M Nil Fc pv^ T Uu 
±0.1 3044 0,0571 16.9 800 3043 0,0580 18.7 
\ 1131 0.0872 11.3 1168 0.0896 13.6 
502.8 0,127 8.34 488,2 0,139 10.5 
i 222.6 0.188 6.22 216,9 0.217 8.64 







62,29 0.441 7.58 
\ 9.46 0.812 3,58 -200 3044 0,0568 16.4 
, 1131 0,0861 10.7 
200 3044 0,0573 17,4 487.0 0,125 7.55 
1130 0,0882 11.9 234.8 0,176 5.64 
502.7 0,129 8,97 106,6 0.256 4,24 
235.4 0,189 7.01 42.84 0.394 3.35 
i 113o3 0.275 5.69 21,44 0.547 3.12 







4.44 0.954 3.59 
4.38 0,971 3.68 
























4.42 0.976 3.70 
Table 29. Variable Property Mean Temperature and Local 
Nusselt Number Calculations for Liquids 
Entrance Prof i le : Uniform 
Viscosity Ratio: 1 
Prandtl Number: 1 
197 
Fe PV* T Nil Fc Pej^z ^M m 
±0.1 3078 0,0585 18,6 800 4007 0.0530 22.9 
1188 0.0891 12,6 1259 0.0908 15.3 
476.1 0,137 8,77 450.9 0.155 11.3 
222 0 8 0,198 6,63 224,5 0.230 9.69 







74.64 0.440 9.05 
11.06 0,798 3.67 -100 3078 0.0584 18.3 






200 3078 0,0588 19,2 227,6 0,192 6.22 
1189 0o0903 13,2 103.0 0.281 4.68 
458.1 0.143 9,44 46.57 0.410 3.76 
219c0 0.209 7.45 21.12 0.592 3,40 









































Tabls 30. Variable Property Mean Temperature and Local 
Nusselt Number Calculations for Liquids 
Entrance Profile: Uniform 
Viscosity Ratio: 5 
Prandtl Number: 1 
198 
Fc PV^ m Fc P^M/ M' M NM 
±0.1 6352 0,0431 34.4 800 6352 0,0434 35.8 
2928 0.0633 23,3 3040 0.0636 26.4 
1118 0,101 15.0 1088 0.110 18,5 
465.0 0,155 10.3 456.5 0.179 14.5 
214,1 0.227 7,61 217,5 0.278 12.7 
107.1 0.317 5,95 106,5 0.432 12.7 
42.33 0.491 4,62 97.21 0.458 12.9 
23,11 0.637 4,17 
11.39 0,821 3o91 -100 6352 0.0431 34.2 
5.25 0,961 3,74 2928 0.0630 22.9 
1192 0.0967 14.8 
200 6352 0.0432 34.7 486,9 0.148 9,75 
3040 0.0636 24,4 218.4 0.215 6.73 
1134 0,102 16.1 108.0 0.296 4.96 
450.5 0.165 11.6 44,02 0.441 3.65 
217.7 0.230 9.51 23.51 0.575 3.24 
107.1 0.353 7.91 11.16 0.765 3.13 
44,09 0,564 7.44 5.49 0.927 3.28 
22.97 0.755 7.02 
11.40 0.914 5,22 
5.43 0.983 4,10 
400 6352 0.0433 35.1 
3040 0,0630 25,1 
1088 0,106 16.8 
443.4 0,172 12.6 
216.3 0.256 10.6 
110.6 0,376 9.68 
63.20 0,520 10.1 
199 
Table 31. Variable Property Mean Temperature and Local 
Nusselt Number Calculations for Liquids 
Entrance Profile: Uniform 
Viscosity Ratio: 10 
Prandtl Number: 1 
Fc Pe.yz T., m Fc P®M/^ "̂ U ^^ 






3054 0,0631 25,7 
1167 0,102 16.3 
441.0 0.166 10,7 
231,4 0,228 8,24 
116.9 0.317 6.43 
51.74 0.465 5,06 
23.43 0,654 4,37 
11.87 0.828 4.07 
5.70 0.958 3,85 
7131 0.0406 38.4 
3134 0.0627 26.8 
1219 0,102 17,9 
450.7 0,173 12.4 
220.7 0.254 10.1 
109,8 0,371 8.77 
46.05 0,593 8,83 
36,61 0.664 9,15 
7131 0.0407 38.7 
3261 0,0618 27.9 
1184 0,106 18.8 
446.4 0,181 13,7 
220.1 0,270 11.6 
116.4 0.391 10.8 
64,81 0.551 11.7 
•100 
3288 0.0620 29.2 
1188 0,109 20.6 
469.0 0.186 15.9 
223.8 0.291 14.0 
101.0 0,480 14.6 
7131 0.0405 38,0 
3054 0.629 25.3 
1142 0.102 15,4 
453,2 0.158 9.80 
234.4 0.215 7.07 
113,3 0.297 5,00 
45.87 0.437 3.55 
24.58 0.565 3.09 
Table 32. Variable Property Mean Temperature and Local 
Nusselt Number Calculations for Liquids 
Entrance Profile: Uniform 
Viscosity Ratio: 20 




Nu Fc Pe,,/z 
M' 
T Nu 
±0.1 7286 0.0399 39,5 -100 7286 0,0398 39.3 
3306 0,0612 28,0 3306 0,0610 27.7 I 
1160 0,106 17,3 1136 0.105 16.4 ; 
445.8 0,171 11.3 457.7 0,163 10.1 
236.1 0.234 8.68 221.1 0.226 6.89 1 

































































Table 33. Variable Property Mean Temperature and Local 
Nusselt Number Calculations for Liquids 
Entrance Profile: Uniform 
Viscosity Ratio: 0.1 
Prandtl Number: 10 
Fc Pe../z T» Nu Fc 
±0.1 5265 0.0373 12.2 800 
400 
V^*  
1066 0.0676 7.26 
409.0 0.104 5.46 
81.90 0.240 3.72 
5265 0.0370 13.0 
989.1 0.0703 7.86 
437,2 0.103 6.23 
82.98 0.253 4.16 
5265 0.0368 13.7 
1011 0.0705 8.57 
413.6 0.110 6.73 
85.89 0.262 4.64 
200  .  .  -200 
P ^ z * T Nu 
5524 0.0359 15.2 
1023 0.0719 9.72 
398.5 0.118 7.68 
87.62 0.285 5.55 
5726 0.0363 11.7 
992.1 0.0685 6.28 
392.9 0.102 4.68 
83.91 0.222 3.33 
202 
Table 34. Variable Property Mean Temperature and Local 
Nusselt Number Calculations for Liquids 
Entrance Profile: Uniform 
Viscosity Ratio; 0.5 
Prandtl Number: 10 




3417 0.0432 13.8 
1021 0.0732 9.05 
473.6 0.107 7.03 
92.10 0.256 4.49 
4013 0.0407 15.8 
1231 0.0691 10.9 
466.9 0.114 8.19 
91.86 0.284 5.47 
3654 0.0430 16.3 
1104 0.0753 11.5 
446.9 0.123 9.06 
90.85 0.311 6.40 
800 
-200 
3413 0.0450 17.7 
1120 0.0785 13.2 
430.1 0.136 10.5 
96.92 0.339 8,21 
3417 0.0427 12.4 
1069 0.0691 7.64 
414.7 0.106 5.26 
90.38 0.227 3.53 
Table 35. Variable Property Mean Temperature and Local 
Nusselt Number Calculations for Liquids 
Entrance Profile: Uniform 
Viscosity Ratio: 1 
Prandtl Number: 10 
203 
Fe P^M/ M' M 




4258 0.0410 16.7 
1019 0.0777 9.92 
435.0 0.119 7.42 
233.7 0.165 6.11 
93.48 0.271 4 .78 
4460 0.0406 18.4 
1107 0.0777 11.7 
415.0 0.131 8.79 
212.7 0.192 7.39 
90.26 0.315 6.09 
4110 0.0425 19.1 
1085 0.0814 12.8 
412.1 0.140 9.96 
217.0 0.205 8.63 
96.39 0.334 7.44 
800 
-100 
4110 0.0434 21.1 
1037 0.0885 14.6 
417.7 0.152 17.1 
209.3 0.235 10 .5 
135.7 0.309 9 .98 
4092 0.0415 1 5 . 7 
1054 0.0746 9.11 
419.1 0.116 6.39 
215.7 0.162 5.10 
94.39 0.249 4 .09 
Table 36. Variable Property Mean Temperature arid Local 
Nusselt Number Calculations for Liquids 
Entrance Profile: Uniform 
Viscosity Ratio: 5 
Prandtl Number: 10 
204 




8862 0.0337 30.0 
4163 0.0467 21.9 
1089 0.0881 12.7 
429.7 0.140 8.86 
209.3 0.203 6.87 
93.54 0.308 5.35 
8862 0.0341 31.8 
4335 0.0470 24.4 
1068 0.0854 15.2 
410.4 0.162 11.6 
212.1 0.238 9.97 
90.70 0.392 8.67 
8242 0.0355 32.6 
4182 0.0487 25.9 
1096 0.0990 17.3 
427.5 0.172 13.7 
212.1 0.264 12.2 
137.2 0.347 11.7 
800 
-100 
8242 0.0362 35.4 
4183 0.0504 28.7 
1064 0.109 19.9 
423.3 0.192 22.3 
253.7 0.268 15.7 
8862 0.0334 28.9 
4055 0.0466 20.3 
1077 0.0844 10.7 
412.6 0.130 14.3 
207.0 0.177 4.52 
205 
Table 37. Variable Property Mean Temperature and Local 
Nusselt Number Calculations for Liquids 
Entrance Profile: Uniform 
Viscosity Ratio: 10 
Prandtl Number: 10 




10154 0.0330 35.6 
6175 0.0411 28.6 
1019 0.0969 13.2 
375.7 0.160 8.89 
94.2 0.322 5.53 
10673 0.0327 38.5 
6630 0.0406 31.9 
3110 0.0587 24.0 
971.5 0.108 16.4 
304.5 0.211 12,1 
135.4 0.342 10.6 
78.9 0.471 10.3 
11179 0.0323 41.0 
6279 0.0424 33.2 
1098 0.107 19.3 
367.0 0.207 15.1 
167.7 0.340 16.7 
800 
-100 
11420 0.0325 44.5 
6356 0.0433 36.6 
1033 0.121 22.3 
383.2 0.226 18.8 
300.9 0.266 18.5 
11110 0.0315 35.8 
6795 0.0389 28.4 
1106 0.0872 11.0 
383.7 0.136 5.37 
206 
Table 38. Variable Property Mean Temperature and Local 
Nusselt Number Calculations for Liquids 
Entrance Profile: Uniform 
Viscosity Ratio: 20 
Prandtl Number: 10 
/ * / * 
Fc P e / z T M Nu Fc V̂̂  T M Nu 
±0.1 10429 0.0337 39.9 -100 10428 0.0334 38.4 
5828 0.0441 30 .2 5827 0.0434 28.4 
































Table 39. Variable Property Mean Temperature and Local 
Nusselt Number Calculations for Gases 
Entrance Profile: Uniform 
Viscosity Ratio: 0.5 
Prandtl Number: 0.7 
207 




±0.1 2488 0,0718 19.1 800 3121 0,0662 22.4 
1140 0.101 13.7 1181 0,101 15.2 
490.8 0,146 9.82 530.9 0,146 11.4 
219.2 0,211 7.21 212.9 0,226 8.29 
99.30 0.303 5.45 96.51 0,329 6.42 
32.49 0.495 3.99 41.70 0,479 5.05 
11.19 0.754 3.58 15.37 0,712 3.98 
5.89 0.909 3,63 6.92 0.898 3.70 
2.11 0.997 3.65 2.23 0.997 3.66 
200 2487 0,0720 19.4 -100 1698 0.0843 16.0 
1139 0,101 14,1 1141 0.100 13.6 
490.0 0,148 10,1 554.7 0.138 10.1 
218.5 0,215 7.48 219,5 0.210 7,08 
98.82 0,309 5,67 99,54 0.300 5,34 
42.74 0,448 4.42 43.16 0.434 4,17 
15.69 0.675 3.71 15.83 0.658 3.56 
6.98 0.879 3.64 7,01 0.869 3.60 




























Table 40. Variable Property Mean Temperature and Local 
Nusselt Number Calculations for Gases 
Entrance Profile: Uniform 
Viscosity Ratio: 0.75 
Prandtl Number: 0.7 
208 


































0.0663 18.7 800 2661 0.0675 20 .3 
0.0922 13.6 1165 0.0984 15.1 
0.133 9.88 486.5 0.151 11.4 
0.197 7.25 206.0 0.237 8.94 
0.285 5.54 99.81 0.347 7.63 
0.442 4 .27 43.49 0.527 6 .98 
0.668 3.69 15.79 0.785 4.71 
0.856 3.67 8.11 0.916 3.9T 
0.980 3.65 3.39 0.991 3.69 
0.0637 20.0 -100 2661 0.0661 18.5 
0.0930 14.1 1249 0.0918 1 3 . 3 
0.136 10.4 601.2 0.128 9.91 
0.207 7.66 240.4 0.196 6.93 
0.299 6.04 121.5 0.270 5.42 
0.435 4.86 60.98 0.372 4 . 3 8 
0.689 4.04 20.95 0.597 3.59 
0.872 3.77 10.88 0.769 3.53 










Table 41. Variable Property Mean Temperature and Local 
Nusselt Number Calculations for Gases 
Entrance Profile: Uniform 
Viscosity Ratio; 1 
Prandtl Number: 0.7 
209 
Fc PV^* T Nu Fc P®v/z* T M Nu 
±0.1 3121 0.0668 22.9 800 3320 0.0619 53.6 
1333 0.0968 15.8 1454 0.0903 34,9 
562.1 0.143 11.1 601.4 0.139 23.1 
251.0 0.207 8.08 287.9 0.204 10.2 
109.1 0.302 5.95 125.4 0.317 8.40 







49.48 0.516 7.61 






200 3120 0.0671 23.3 562.7 0.142 10.9 
1332 0.0975 16,2 251.5 0.205 7.90 
530.1 0.148 11.2 109.4 0.298 5.80 
243.2 0.213 8,36 41.33 0.457 4.32 
106.9 0.311 6,24 13.66 0.712 3.70 






































Table 42. Variable Property Mean Temperature and Local 
Nusselt Number Calculations for Gases 
Entrance Profile: Uniform 
Viscosity Ratio: 1.5 
Prandtl Number: 0.7 
210 




6736 0.0346 39.2 
3201 0.0534 22.7 
1528 0,0773 15.2 
630.2 0.119 10,2 
299.7 0.172 7.55 
140.0 0.252 5.72 
65.64 0.369 4.73 
27.32 0.567 3.89 
13.32 0.770 3.73 
7.06 0.921 3.68 
6736 0.0346 39.3 
3202 0.0535 23.1 
1528 0.0780 15.8 
654.6 0.120 11.2 
326.5 0.172 8.75 
161.0 0.251 7,16 
100.7 0.326 6.51 
47.67 0.496 6.19 
21.33 0.748 6,23 
7.24 0.964 4.29 
6736 0.0346 39.5 
3945 0.0479 26.6 
1622 0.0763 16.7 
638.4 0.124 11.8 
323.0 0.179 9.54 
160.8 0.266 8.18 
71.57 0.431 8.32 
50.69 0.534 8.44 
800 
-100 
6736 0.0346 39.7 
2978 0.0560 23.3 
1623 0.0773 17.7 
718.4 0,120 13.4 
324.1 0.188 10.9 
170.2 0.279 9.94 
111.4 0.366 9.97 
81.67 0.452 10.7 
6736 0.0346 38.1 
3201 0.0533 22.5 
1528 0.0770 14.9 
629,9 0.118 9.78 
323.9 0.162 7.25 
148.4 0.235 5.16 
66.85 0.343 3.92 
29.96 0,495 3.07 
16.01 0.654 2.90 
6.93 0.883 3.13 
Table 43« Variable Property Mean Temperature and Local 
Nusselt Number Calculations for Gases 
Entrance Profile: Uniform 
Viscosity Ratio: 2 
Prandtl Number: 0.7 
211 
Fc PV^* T M Nu Fc T liu 
±0.1 3432 0.0478 29.2 800 3528 0,0471 31.3 
1171 0.0857 14.7 1221 0.0868 17.5 
553.7 0.126 10.1 560.4 0.135 13.2 
266.2 0.182 7.36 273.4 0.208 11.1 







83.83 0.467 12,1 
14,19 0.769 3.74 -100 3432 0.0477 29.0 






200 3432 0.0478 29.6 491.9 0.120 9.96 
1172 0.0866 15.5 273.8 0.174 6.73 
572.7 0.127 11.2 153o2 0.228 5.06 
259.6 0.194 8.48 122.6 0.253 4.51 































VARIABLE PROPERTY TEMPERATURE AND 
VELOCITY PROFILE CORRELATION 
This appendix contains the correlated temperature and velocity 
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Ô O CO '̂  NO .̂  O 
r- o ̂  o NO CM r̂  
r- 00 00 00 r- r- vo 
o o o o o o o 
jrH d-H l^^ o-H c^^ e—4 ir-l 
o o 1^ in 00 ̂  h-
O O O CO 00 CO -"t 
o o o o ^ ^ r̂  
o o o o o o o 
o o o o o o o 
00 0N CM 
N CO CM CO 00 \ 0 o 00 vO O Q^ 
"^ •^v . '̂ r ^ CO CO r̂  ^ (^H '^ CM 
- 1 «—1 5—1 a-i CO so CM s - l 
0) o \D CO c—1 
cx i - H 
r- O vO 00 00 vO o ^ «—1 00 
CM '^ NO CM 00 CO r- " t VO CO 3 o O o (f-H »—1 CM CM CM ir-t O 
o o o o o o o o O 0 
1 
CM CM CM CM CM CM CM CM CM CM 
o O O o o o o -^ i n - ^ 
o O O o o o o CO ""t i n 
H o O O o o o o o CM MD 
o 9 o o o o o o o o 




* o o N CO CM 00 CO vO o OS r̂  <r-i Q S 
\ ^ "^ " t 00 CO r- -'T <̂^ "T CM H-J 0—4 t - i If—t CO sO CO <r- t 
4) o N£> CO r-i 
a. r-i 
f-i 
o d tL. 1 4-1 
v O O O h - v O v O C M C M O C M v O C ^ 
i n i n v o o o c M ^ o o s O i n o r -
c o c o c o c o ' v j - ^ ^ i n - ' ^ - ^ c o 
o o o o o o o o o o o 
o o o o o o o o o o o 
^ CM 
o r-
\f> i n 
o CO 
CO ^ 







0 ^ 'St 
CM <r-t 
- ^ CO t~- "sT O " ^ CM 
00 CO vO NT CM vO OS 
in "O r̂  00 c^ OS o 
o o o o o o o 
r̂  in o os 
CO "̂  CO OS OS O Nf 
CM ̂  .-• ̂ r ̂ H •-« 
in CM r-» ^ o o o o o o c o ' s r ' ^ i n o c T s 
»-<»—to»—i\o«—isooO:r-tino 
h - r - r - r - r - c o c o c o o o r ~ r ^ 
S<D<D<DS<6S<6G<D(D 
o ^ r-
O O ir-l 
o o o 
o d o 
CO ^ 00 
CO CO CM 
CM CO O 
O s o CO 
i n s O ' ^ ' ^ s o c o c o c o 
r-cMh-cMr^cocMoo 
O C M C O i n v O C O O s C J s 
(DSSSGOSS 
in r~- o OS 
o o o o 
o i n ^ ^ v o o o s O ' ^ 
in "^ uD ir-( lo «-! «-i 
Nf i n CM r-H 
«—I 
a - i O ' s r c o o ' s r o o i n c o v D 
O s 0 \ Q O r - s O s O 0 s C M 0 s s O ' ^ 
C M C M C M C M C M C M C M C O C M C M C M 
o o o o o o o o o o o 
4P—I fl—I p-H e—I tf—( c—I e ^ ff-H ( i - ^ r - H r—| 
o o o o i n c M C M h - r - M D s r o o o o o - ^ i n i n ' s r c o v o 
O O O O O O « - i C 0 \ 0 0 0 0 s 
o d o o d o o d o o o 
0 s o «—I OS 
c o i n c M O s o o o o s i - i o o ^ 
c o c o c o v O i n i n ^ i n c M r H 
CM CO o ^ in CM ^ 
O \0 CO »^ 
I—1 
C M " ^ C M r - C M O O s C O O O O ^ ( r - i 
ONG^Qsr-cMinsocoor-CM 
v O s o s o v O s O i n ' ^ ' ' t t n i n s o 
o o o o o o o o o o o 
ir—i a—i 0—1 * - H o - ^ r—i tr^ ir—I fl-H r—i r—I 
o o o o o i ^ c M i n o o - ^ i n 
o o o o o o c M ^ c ^ i n ' ^ 
o o o o o o o ^ - ^ t ^ o s 
o o o o o o o o o o o 
o o o o o o o o o o o 
OS CO CM c^ 
C O i n C M O v O O . ^ C M O O " ^ 
c o c o c o s O i n s o c M i n c M i r H 
CM CO o 'sr i n CM . - I 
o vo CO . ^ 
c M ' ^ i n c N C M ' s r - ' ^ o s i n o s ^ t 
, r - i 5 - i i - ) O C M 0 0 0 0 0 s \ O 0 0 . — 1 
o o o o c j s ^ - i n c o i n r ^ o s 
C M C M C M C M J - l l ; - l ( ^ ^ l ^ ^ - l , ^ . - l 
o o o o o o o o i n s o i n 
O O O O O O O C O C M s O C M 
O O O O O O O O C O v O O s 
o d o o o o o d o o d 
'sr so CO c^ 
C O i n C M O s O O ^ C O O O M -
c o i n c o s O i n s o c M i n c M i ^ 
CM CO o ' ^ i n CM - ^ 




















































































V D irH 
00 O o o O o o o 0 0 0 o o o o o 0 o o o 





































CO 0N if) 
r̂  o 
If) h-
o o o o o o o O o o o o o o o o o o 



















































e—i î H 
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o o o o o o o o o o o o o o o o o o o o o 
NO r̂  o '̂r CO O O 
o O 0 
o o o in r-i CO If) .-< r- CO sO r-i ON 00 '* '^ r-i NO '^ '^ in vO if) r-l 00 o lO CO vO CM r-i 0N CM CM in 00 CM "^ NO CM 00 ^ CO CO r- CO >-\ CO r- O -"t NO CO r-l O 'O CO r-\ CM r- CO r-i 
.—1 • — 1 
00 O^ CO If̂  00 CO If) r~ -^ CM CM (—I 00 '^ t^ CO CO S ON 00 in lO vO 00 o r-i CM » — J ON t^ lO CO r- 00 CO 00 NO NO r- ^ NO 
r- r-r--00 00 00 CO r- h- r- r- r- r- 00 00 ON O r-i CM r-i r-
0 O o o o o o o o o 0 o o o o o 0 o o 0 O 
o o o o o o o o o o o o o o o o r-i r-l 1-4 r-i O 
o o vO t-i Q\ tf) vO "^ vO If) 00 o o CO l^ in CO NO O CO ON 
o o o vO vO (r^ CM r- ON ON r- o o o CM o CO O ĉ  r-l 00 
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«-H CU O O ^ CM 00 vO CO O O C M C M v O ^ i O O O O O CM 
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o o CM ̂  r- ON 
o o o o o o 
o r- ON ON ^ 
o o o o o 
0N 00 CO NO ""sT If) 
tO 00 rH ^ .-I 











r- .-H NO CM 
O CM ir^ vO 
»-• .—I f^ ^ 
e o o o 
















h- r- vo CJN If) NO 
CO r- vo CM If) to 
<r̂  CM vO 00 00 h-
o o CM r̂  NO o 
O O MD "̂  O CM 
O O O CM vO 0N 
o o o o o o 
r- If) 00 r~ CO 
O D O O O 
cjN r- iT-i iT) ^ If) 
lO 00 «-i •< .^ 










































































C P g 
«J D" M 
•rH O 
-P 
«H ^̂  G 
O O 3 
O M-. 
4) (A •• 
> c a> 
o r-t 
>» <^ • H 
H-» +J <+H 
f l CO o 
0} r—1 M 
a 3 a. 
o o N . - 1 «> CL (19 o 
O c 
0) CO 
r H <U i-< 










1-1 lO <—1 
o ̂  









































r- CM 00 
CM O CM 
O O Q^ 
CO ^ 





C M r-» 
o o 
• - • . - • O O O O O <r-t r-H 
Q\ 00 lO 
•̂  c^ If) 
o .^ •< 
o o o 
o o o 
t^ CM O 
tO -^ -^ 
CO r-i r^ 
vO CM 
CO 00 r-
to r^ 0\ 






































1^ if) ^ 
r- CM 00 
CM ON -̂  
o o o 
r-l O O 
ON ^ NO 
CM ^ ON 
00 G^ ON 
o o o 
o o o 
CO CO ^ 
o o o 
If) I ^ If) 
'St r-t 
•-» .-H .-4 i-l O O O 
«-H CM r~ 
O .-H «-! 
O O —I 
o o « 
o o o 
1^ 
o 
•̂  O '̂  

















'qj- CO .-H r-« ̂ J- CO NO 
tO 00 CO lO O CO CM 
O O r-l CM CO CO CO 
CM ON CO If) lO If) O 
lO NO 00 CM o^ r- h-
O O O CM '̂  CO 00 
o o o o o o o 
.-I •—* rH r-l f—I rH O 
.-H ON rH 00 NO h- CM 
O O CJN lO if) 00 ON 
O O O '^ NO 00 ON 
e o o o o o « 
o o o o o o o 
t^ CO If) CM ''t 
o o o o o 
^ r- r-l o ''S" r- if̂  
CM lO ̂  CM -"̂  rH 
CO ir-< t^ r-l 
vO CM 
CM CM »-4 NO 00 N O ̂  
lO r- QN If-) r^ CO NO 
o o o o o CO CO 
O O .-« O If) .-« l O 
O O O ON CO O NO 
o o o •—1 "̂  r̂  0̂  
o o • o o o o 
o o © o o o o 
rH NO Cf) CM CM 
o o o o o 
NT 00 NO r^ CO o> If) 
CM ON O •-< It .-I 
CO o r- rH 
NO CM 
•̂ CO .-I NO O NO CO 
if) CO CO 00 O CO CJN 
O O .-• CM ̂  lO NO 
O O r-l <0 .-H ̂  CO 
O O O CO 00 00 00 
o o o rH CO r- ON 
<D CD O <D S <D <D 
00 •si- CO ̂  ^ 
o o o o o 
^ iD '^ NO CO r^ If) 
CM if) CO rH ̂  rH 
CO rH h~ rH 
NO CM 
CM CM fH ON ON r- NO 
If) r~- ON \o NO r^ If) 
O O O ON NO 00 If) 
O O O rH 
o o o ̂  NO r- h-
O O O -̂  CM If) •̂  
O O O O CM lO 0^ 
O O O O 00 CM lO 
O O O CO CM CM r-
o o o o CM r- ON 
o o o o o o o o o o o o o o 
O 00 If) ON CM 
•^ 00 NO If) r- 00 lO 
CM ON O rH ^ rH 
CO O t^ rH 
NO CM 
^ CO .-I CO CO CM If) 
If) 00 CO O* CO CO If) 
O O .-« CM "^ NO €JN 
h- rH vO O '^ 
o o o o o 
•«̂  If) "̂  to CM r- If) 
CM if) CO rH '̂  .-H 








CM CM O N 
NO r- r-
CO CO if) 
O O O C M O C M 0 N O O O C M C M O O O O 
O O O O O O C M C M O O O O - ^ O O N O 
O O O O O - ^ O ^ O O O O r H N O O N 
0 0 0 0 * 0 0 o o o o o o o 
o o o o o o o o o o o o o o 
O C O O O N O C M h - O O C M O ^ ^ 
o o o o o o « o o o 
•^ooNOif)Noooif) ^ i O ' < ! r ^ c M N O i o 
C M O N Q r H ' ^ . - t C M l O C O . — I ' ^ r H 
C O O h - r H C O r H r - . - ! 
NO CM NO CM 
o o 
+1 CM 
00 rH CO O NO 
CM CM ""iT 00 r^ 
o o o -^ r-
r- r-l r* r̂  r̂  
• ^ <0 NO 00 ^ 
o r-l CO NO r~ 
o o o o o 
o o o o o 
- ^ CM t ^ 
o o o 
i f ) lO h- ' ^ ^ 
I f ) 00 r H rH NO 
CO CM 00 rH 
NO CM 
o .-H 00 O N r -
lO vO NO if) If) 
O O O CO NO 
rH r- ON CM CM 
O O N O .-H rH 
O O O "^ if) 
d o o o o 
NO O rH 
"<a- ON CM rH CO 
CM ̂  ON rH NO 
CO CM r- rH 
NO CM 
O CO 
I f ) NO 
o o 
CO CM O 
>£) Q \ • ^ 






"<^ r ~ -
CM " ^ 
CO CM 
NO CM 
o CO t ^ 
o <—t •—I 
O . - • CM 
o o o 
o o o 
O N f ^ CO 
o o o 
NO h- rH 
00 O NO 
O CO CM rH CM 
i f ) \ 0 NG O CO 
o o o r̂  CO 
o o o o o 
i-H rH .-H O O 
o o o r- r-
O O O CM O 
O O O O rH 
CD (D O <D <D 
00 r - NO 
•* r-
CM - ^ 
CO CM r - r H 
NO CM 
NO NO O 
00 O NO 
O CO CM vO ^ 
I f ) NO NO CM .-H 
O O O NO O 
O O O r H i r H . - H r H O 
O O O CO 00 
O O O O NO 
O O O O O 
o o o o o 
o o o o o 
0 0 - ^ CO 
o o o 
^ r^ NO NO o 
CM '^r 00 o NO 












a^ « — 1 ON O r- r- NT » — 1 ^ o r-
CM CO O tf) CM ON NO CM CO r-- NO 
3 o o f-i o o ON 00 "̂  CM r- CM 
0 o 0 o o o 0 o o 0 O 
f-t irH t — 1 CM ,rH o o O o «-t O 
if) 
"̂  sr CO If) 1 ^ O NO CM -̂  ON O NO 
-̂  ̂  CM CO tO o Qx n-i ON 'sj- 0 0 
d H o r-t CO NO o CM ̂  00 00 Q\ Q\ o o o o o o o o o o o 
II o o o o o o o o o o o 
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r-4 If) vO o o 0^ CO c~l h- r- 00 00 00 '«3- CM H »—» CO lO r-00 o CO in vO r- o CM "̂  vo r-o o o o o o o o O o o o o o o 
o o o o o o o o O o o o o o o 
Qh "̂  r- -̂  O vO o c^ 00 
N o o o o o o o 0 0 
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r~ r- i-H r-^ 00 NO r-CO CO in 1—1 O 00 CO T-i 
^ 
ON CO r-t 'sr 
CM 
00 ^ CNI 
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O^ O (̂ —1 ^ ĉ  r- -^ CM PO 00 If) •sO •̂  OO -̂  CO o 
1̂-1 r^ "̂  CO '̂  co If) '=d- <^-i CO NO T-i in CO r-00 NT o ©̂  ON o o o 00 r-r- o o r-i CM CO CO CM CM o o o o o 0 0 o o o o o o o o o o 
i-i O o a-i rH 0-i o o o w—i 6—1 •r-t (,—1 •r-i «—1 1 — 1 <r-H 
€ > 0—1 "̂  o o o if) NO -"̂  o o o CM ̂  ^ o r-
-̂  CM vO o o o '̂  ON lr-^ o o o NO ON •^ NO o O »-• CM o o o o o 0-1 o o o O c—1 '̂  r-ON o o O o 0 o o 0 0 o 0 o o o o o o 
o o O o o o o o o o o o o o o o o 
CM O P H CO NO a-i CM NO CM NO "sr CO o 
O 0 o o o 0 O o 0 o o o o 








00 CM 0—1 
O^ CO '̂  NT 0N NO 00 iD s-i 00 in NO CO in NO r- •—t 
r- CM CO CO ̂  CO NO in CM CO NO »—1 NO CM CM CM ̂  Ov 00 '̂  o o o r-'̂  CO o o 1—1 CNJ '̂  r̂  o ON o o 0 o o 0 o o o o o o o o o o o 
o o o iF-i «—1 0-J o o o «—1 t—1 «—1 t-H c—1 e-i CM 0-1 
lO CM CM o o o NO 00 <r-i o o o in 00 O ON 00 
o CO lO o o o o CM ̂  o o o o •̂  CO CO in 
o o s-t o o o o O o o o o o o CM NO 00 o o o o o o o o o o o o o o o o o 
o o o o o o o O O o o o o o O o O 
r- CM CM CM r-~ .—1 '̂  'St CO CM 00 in 00 
0 o o o o o o o o o o o o 








00 CM 0—1 
CO 0-1 CO "̂  GN NO tn CM '̂  00 »n NO CM CO r-i o '̂  
h- r-- r- CO ̂  CO If) '̂  CM CO NO r-i NO CO 00 in 0-H o^ r--o o o o h- CO <r-H o o l ^ ^ CM ""sr 00 NO NO O 0 o o o o o o o o 0 o o 0 o o o 
o o o «—1 f-i c-« o o o I-l t—1 0-i 5-1 0-1 .r^ CM CM 
O "̂  ̂  o o o o r-r- o o o O CM CO r-r~-
o o o o o o o o (i—1 o o o o O 00 0—1 o 
o o <r-i o o o o o o o o o o O o in 00 o o o o o o 0 0 o o o o o o o o o 
o o o o o o o o o o o o o o o o o 
'̂  ̂ r ID CM "̂  NO 00 "̂  o r-vO 00 r-
o o O o o o o o o o o o o 












00 CNJ r-i 













> ' 0 E +> ^ •H h o 
u o <+H O t+H •fH 
.—J c CM r-0) (A :D 0 
> e o 
o • • >>oH o* O 
-P -P Q) •H N h flJ l - i +» at 
« ) <—1 "H (0 •s Q. P <+-< a: o o o 3 <H r-i ^ >-z O. (« Ou -H 
O •H « — 1 
0) 0) in -t-> 
«-H <D u o XS ua i^ c u c ro "H R3 en TO 
«H M-« M «H Ki 
M O +J > O, (Q ^ C 




J0 CO a> 00 .r^ o^ €^ o CO sn tn ON r-CO CM ON "̂  CM -^ 
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Dimensionless variables were used extensively throughout this 
work due to their convenience in the theoretical calculations^ however 
their generality makes their relationship to actual physical quantities 
somewhat esoteriCo In order to give some of these dimensionless vari-
ables more physical meaning, the following sample calculations are pro-
vided o 
Description of Calculation 
Consider Oil A flowing upward in a vertical, heated tube such 
that its entrance profile is paraboliCo Let the following conditions 
exist: 
T° = 550° R o 
T " = 671° R 
w 
W« = 2940 Ib/hr 
D' = 0o042 ft 
Heated Length = 15 ft 
Then the entering viscosity and the viscosity at the wall are 
ji' = 95o65 Ib/ft-hr 
Property values are taken from Appendix C< 
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p." * 9o543 Ib/ft-hr 
Therefore 
^ ' 9343 ' ^°-° 
The Reynolds number is 
D« , W° . 2940 
"® fcD'ji' " (3ol4) (0.042) (95o65) "̂ "̂̂  
The densities at the entrance and at the wall are 
p " = 55o46 Ib/ft^ 
p " = 52o77 Ib/ft^ 
The Froude number is 
-„ W° 2940 r, .^Q .. / 
u = -r— = r « 2.658 ft/sec 
itD" p ° (3ol4)(0o042) (55,46) (3600) 
0 
p« . (2o658)^ ^ 
^^ ("32ol7)(0o042) ^"^'^ 
Then the free convection parameter is 
Fr « of-233 w52o77 ~ 55o46x _ ^ ̂ , 
^-5o23^^52o77 + 55o46^ ' 
Calculation of Mean Temperature 
Since the entrance profile is parabolicj the appropriate source 
of values for T„ for this problem is Table 20 in Appendix Go Since 
276 
Fc = 2o21, free convection effects will be small and values for Fc « ±0.1 
can be used with little erroro The Prandtl number is 
c' pi' 
p^ . Z o ^ . 10.450) (95,65) ̂  
^^ K' (0o074) ^̂ '̂  
o 
therefore 
P| . 1582)(233)(0,042) ^ 3^^ 
This allows the selection of an approximate mean temperature, 
T„ « 0,146 
T° * Oo146(671 - 550) + 550 » 567o7 ©R 
M 
A second trial using this value of Tĵ  gives 
~ # - 388 
and the original value of T„ = 567o7 in this case is close enough. 
Calculation of Pressure Drop 
The pressure drop due to frictional and kinetic energy changes may 
be estimated from Figures 65 and 66 in Appendix F as follows 
P % ^ ' ^ ' ^ ^ ^ (237)(0,042)_^^^ 
^* " 15 
Then at Pr « 100 









Sine© in this region the values do not change rapidly with Pr^ a simple 
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w'f APPW 
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. , 1 lb-=force-=sec ,̂-.rv lb m-i lb-force 
•"P ' 3207—IbTft 61^° 7 2 " 1 ^ 1 — — 2 -
ft-sec ft 
which is the pressure drop due to frictional and kinetic energy effects. 
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